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n oS pqrstustuv wx yvtysrrv uw wtqwsz s o o o o o o o o o o o o o o o o {
n oSoS |tyv}~ q�xx �sqrstqwvts usx yvtysrrv uw wtqwsz s o o o o o �
n oSon �� yvzs �xw wtqwsz w ����� }~��}sqstrwtv x �wtys}rs��~ o o �
n oSo� ��x yvtysrrv uw �����tsqq s xs q�s wz �xwy~�wvtw o o o o o �

n on pqrstustuv xs v� s}~�wvtw q��xw wtqwsz w o o o o o o o o o o o o o o �
n o� pqrstustuv x~ xv�wy~ � ���p� o o o o o o o o o o o o o o o o o o S�
n o� �tr}vu��wvts ~xx~ rsv}w~ usxx~ �vqqw�wxr~ � o o o o o o o o o o o o o S{

n o� oS � wq�}s ����� o o o o o o o o o o o o o o o o o o o o o o o o S{
n o� on � wq�}s uw � x~�qw� wxr~ � s �}sust�~ o o o o o o o o o o o o S�
n o� o� � wq�}s uw �vqqw�wxr~ � s �sysqqwr~ � o o o o o o o o o o o o S�
n o� o� �vqqw� wxwr~ � s wtqwsz w ����� o o o o o o o o o o o o o o o o S�

n o� �~��}sqstr~�wvts uw �}v� vqw�wvtw ����� o o o o o o o o o o o o o n�
n o� oS �~}w~�wxw xwt��wqrwy�s o o o o o o o o o o o o o o o o o o o n�
n o� on �~ �~}w~�wxs �s}wr~ � o o o o o o o o o o o o o o o o o o o o nS
n o� o� |tyv}~ q�xxs �}v� vqw�wvtw ����� o o o o o o o o o o o o o n�

n o{ �t�s}st�~ ����� o o o o o o o o o o o o o o o o o o o o o o o o o o n�
n o{ oS �s�vx~ uw wt�s}st�~ yvz �vqw�wvt~xs o o o o o o o o o o o n�
n o{ on �vu�q �vtstq �sts}~xw��~rv o o o o o o o o o o o o o o o n�

n o� �sttv ~w qwqrsz w uw yvtr}vxxv ����� o o o o o o o o o o o o o o o n{
n o� oS ������s} o o o o o o o o o o o o o o o o o o o o o o o o o o n�
n o� on  s������s} o o o o o o o o o o o o o o o o o o o o o o o o n�
n o� o� ��xs �~qs o o o o o o o o o o o o o o o o o o o o o o o o o n�
n o� o� �t�s}stys st�wts o o o o o o o o o o o o o o o o o o o o o o n�
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� oS pxsz ststrw y~}~rrs}wqrwyw usxxs }srw ts�}~xw o o o o o o o o o o o o n�

� oSoS �x ts�}vts o o o o o o o o o o o o o o o o o o o o o o o o o ��
� oSon ¦v�vxv�w~ o o o o o o o o o o o o o o o o o o o o o o o o o � S
� oSo� �s�vx~ uw ~��}stuwz strv o o o o o o o o o o o o o o o o o ��

� on §t~ qsz�xwys }srs o o o o o o o o o o o o o o o o o o o o o o o o o �{
� on oS |��}stuwz strv �s} �t �s}ys�r}vts o o o o o o o o o o o ��

� o� �s�vx~ uw ~��}stuwz strv uw ¨ wu}v©�ªv« o o o o o o o o o o o o ��
� o� ¦sv}sz ~ uw ~��}vqqwz ~�wvts �tw�s}q~xs o o o o o o o o o o o o o � S
� o� �s�vx~ uw ~��}stuwz strv uw �~y¬��}v�~�~rwvt o o o o o o o o o ��

� o� oS | x�v}wrzv ¨ wtts} r~¬sq ~xx o o o o o o o o o o o o o o o ��
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� oS �s~xw��~�wvts ts�}~xs uw ��t�wvtw uw z sz s}q�w�q o o o o o o o o ��

� oSoS §t qsz �xwys sqsz�wv o o o o o o o o o o o o o o o o o o o ��
� on �s~xw��~�wvts �~qwx~}s uw v� s}~�wvtw ����� o o o o o o o o o o o o ��
� o� �s~xw��~�wvts ts�}~xs usxx �wt�s}st�~ ����� o o o o o o o o o o o o ��

� o� oS ����� wt�s}stys tsr©v}¬q o o o o o o o o o o o o o o o o o ��
� o� on ����� ~��}s�~rwvt tsr©v}¬q o o o o o o o o o o o o o o o ��

� o� �wqrsz w ts�}v ����� o o o o o o o o o o o o o o o o o o o o o o o o �{
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�sxx~ }s~xw��~�wvts uw qwqrsz w sq� s}rw s uw qwqrsz w uw yvtr}vxxv qw }wqyvtr}~
q� sqqv x~ tsysqqwr~ � u w }w�}vu�}}s v �v}z ~xw��~}s }~�wvt~z strw uw rw� v �~�v v
~��}vqqwz ~rv ¹ v� s}~trw q� u~rw tvt qsz�}s ys}rw v �}sywqw ¹ rw� wyw u w qwr�~�vtw
}s~xw s usxx �sq� s}wst�~ �z ~t~ o

�vtqwus}~rv �t }~�wvt~zstrv uw rw� v �z ~tv ¹ sqqv v� s}s}~ � q� yvtysrrw wt
�~}rs � st us�twrw ¹ yvz s º�w� � ~xrv uwº¹ wt �~}rs uw» ywxz strs ¼�~trw��~�wxw v
qv��srrw� w yvz s ºzvxrw º¹ º� sq~trs ºo �tvxr}s rw� wyw }~�wvt~zstrw q~}~ttv usx
rw� v º�s x~ �}sqqwvts q�� s}~ wx �~xv}s ½ ~xxv}~ sqs��w x �~�wvts � º v���}s º�s
wx �~�wstrs s � q� sqqv qr~tyv ~xxv}~ �v}qs qr~ z ~xs ºo

� str}s x~ xv�wy~ r}~uw�wvt~xs ¹ ~u sqsz �wv �t~ rsv}w~ �v}z ~xs usx �}wz v
v}uwts ¹ ��v � sqqs}s s» y~ysz strs �rwxw��~r~ � s} zvusxx~}s x~ �}wz ~ usxxs u�s
�}v�vqw�wvtw ¹ s ¼�wtuw � s}z srrs}s �t~ }s~xw��~�wvts ~x�v}wrz wy~ uw �t qwqrsz ~
uw yvtr}vxxv ¹ qvtv s�wustrw xs xwz wr~�wvtw y�s qw wtyvtr}~tv tsx rstr~rw�v uw �v}�
z ~xw��~}s x~ qsyvtu~ usxxs u�s �}~qw o �t �}wz v x�v�v wx yvtysrrv ºqr~tyv º tvt
s � �}sywq~z strs us�twrv ¹ s � qv��srrw�v ¹ wtvxr}s ºq� sqqv º s º�v}qs º qvtv ¼�~t�
rw�y~rv}w wz�}sywqw ¹ tvt uw}srr~z strs }~��}sqstr~�wxw wt �t~ xv�wy~ ºr}~uw�
�vt~xs ºo

�~r�}~xz strs wx � vrs} �v}z ~xw��~}s �t~ ~«s}z ~�wvts yvt �t~ rsv}w~ �v}�
z ~xs yvtqstrs uw vrrsts}s �t }~�wvt~zstrv �}sywqv s }w�v}vqv ¹ qv��srrv ~u
�t~ �s}w�y~ �v}z ~xs ¹ r�rr~� w~ s � q� sqqv ~yysrr~�wxs q~y}w�y~}s r~xs }w�v}s ¹ ��}
uw � vrs} r}~rr~}s �w� � �}v�}w~z strs wt�v}z ~�wvtw wz�}sywqs v wtys}rs o

§t �~}s~ uw }wys}y~ ustvz wt~r~ ¾¿ÀÁ Â¿ÃÄÅÁÆÇÈ ~yyvz�t~ uws�}qw z srvuw
uw }~�wvt~zstrv wz�}sywqw ¹ r}~ y�w É¿ÈÆÊË ÌÅÍÍÎ ¹ ÏÐÁÆ ÑÐÅÏËÒÆ¹ Ó ÒÈ¿Ô
Ï ÆÁÃ Æ ÕÐÇÐÁÆÊÆ¹ ÖÏ¿ÈÏËÃÃËÍÆ¿ÇÐ ×Ø¿ÒÅÍÆ¿ÇÆÙÁ ÆÊË o

�~ xv�wy~ ����� qw �~q~ q�xx �sqrstqwvts usx yvtysrrv uw wtqwsz s � z str}s
yvz�tszstrs x �~��~}rstst�~ ~u �t wtqwsz s s � v �s}~ v �~xq~ ¹ tsxx~ xv�wy~ �����
qw yvtqwus}~ �t �~��~}rsts�~ �~}�w~xs v q�z�~r~ o  ~ ¼�w �~}rvtv t�zs}vqw
q� wx���w y�s � v}r~tv ~xx~ }~��}sqstr~�wvts uw �t }~�wvt~z strv ~��}vqqwz ~rv ¹
wt �}~uv uw }~��}sqstr~}s �}v�}w~z strs �}v�vqw�wvtw yvz s ºqs x~ �}sqqwvts ½
s � z vxrv ~xr~ ¹ ~xxv}~ v yyv}s sqs��w}szvxrv x �v� s}~�wvts � º¹ v���}s usu�}}s
¼�t~rv qw~ �s}~ x~ �}v� vqw�wvts º�t �vzv s � �wv�~ts º u~r~ x~ º�s}wr~ �º usxx~
�}v�vqw�wvts ºx ��vz v �~ r}~ w �� s w �� ~ttw ºo

�s }srw tsv}vt~xw qvtv qr}�rr�}s yvz��r~�wvt~xw z vusxx~rs wq� w}~tuvqw ~xx~
qr}�rr�}~ usx qwqrsz ~ ys}s�}~xs �z ~tv o pqqs qvtv y~}~rrs}w��~rs u~ t�z s}vqs
�twr~ � u w sx~�v}~�wvts sxsz str~}w �v}rsz strs wtrs}yvttsqqs �}~ xv}v o  ~xx~ xv}v
wtrs}yvttsqqwvts qw q� wx���~ �t yvz�v}r~z strv wt �}~uv uw s«srr�~}s sx~�v�
}~�wvtw yvz�xsqqs o �s }srw ts�}~xw ~��}stuvtv x~ xv}v ��t�wvts ~rr}~�s}qv �t~
�~qs uw ~��}stuwz strv ¹ sqqs tvt �st�vtv ywv s � �}v�}~zz ~rs � s} sqs��w}s �t~
usr}z wt~r~ ��t�wvts ~x�v}wrz wy~zstrs ¹ z ~ �st�vtv ~uusqr}~rs ~rr}~�s}qv sq�
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sz�w o pqqs qw zvqr}~tv ¼�wtuw �~}rwyvx~}z strs wtuwy~rs � s} ~��}stus}s yvt�
ysrrw v }sx~�wvtw ¹ ~u sqsz�wv wx yvtysrrv uw º�}sqqwvts ~xr~ º¹ u~r~ �t~ ys}r~
qs}ws uw sqsz�w ¹ v x~ yv}}sx~�wvts r}~ qr~ty�s��~ s z ~x~rrw~ o

�s��sts �v�wy~ ����� s �srw �s�}~xw ~��w~tv z vxrs y~}~rrs}wqrwy�s wt
yvz�ts ¹ w xv}v ��trw uw �v}�~ qvtv uw�s}qw o �t �~}rwyvx~}s x~ xv�wy~ ����� yvt�
qstrs �t }~�wvt~z strv uw ~xrv xw�sxxv ¹ ~rr}~�s}qv }s�vxs uw wt�s}st�~ ¹ z str}s
xs }srw ts�}~xw }~��}sqstr~tv �t qwqrsz ~ uw �~qqv xw�sxxv Úv q���qwz�vxwyvÛ ¹
s» y~ys tsx �~qr}~}}s }sx~�wvtw v yvtysrrw u~ u~rw qstqv}w~xw o � u�s qwqrsz w qvtv
¼�wtuw q�qysrrw� wxw uw �t~ wtrs�}~�wvts y�s ts q�}�rrw xs qwts}�ws ¹ s uw �~rrv
t�z s}vqs ~��xwy~�wvtw ¹ q� syws tsx y~z�v usx yvtr}vxxv ¹ �~ttv �rwxw��~rv �t
xv}v ~yyv��w~z strv o

� xw ~x�v}wrz w �stsrwyw ¹ u w y�w tvt qw �~}xs}~ � vxr}s ¹ qvtv ~x�v}wrz w wq�w}~rw
~xx �s�vx��wvts t~r�}~xs o §t~ �v�vx~�wvts Ú�t~ yvxxs�wvtsÛ uw qvx��wvtw ~u �t
�}v�xsz ~ Úv �t~ �v�vx~�wvts uw ~x�v}wrz w tsx y~qv uw �}v�}~z z ~�wvts �stsr�
wy~Û ¹ � wsts yvt�}vtr~r~ yvt wx �}v�xsz ~ u~ }wqvx�s}s ¹ s ~u v�tw sxsz strv �wsts
~qqs�t~rv �t �~xv}s uw �rtsqq ¹ �t~ z wq�}~ usx �}~uv uw ��vt~ y~�wywr~ � u w
}wqvx�s}s wx �}v�xsz ~ o ��wtwuw �st�vtv qsxs�wvt~rs xs qvx��wvtw z w�xwv}w ¹ sxwz �
wt~rs xs � s��wv}w ¹ s ts �st�vtv }swtr}vuvrrs uw t�v�s ¹ v}w�wt~rs yvz�wt~tuv xs
qvx��wvtw yvt w �~xv}w u w �rtsqq �w� � sxs�~rw o �~ yvz�wt~�wvts usxxs qvx��wvtw
~��wsts ~rr}~�s}qv �t~ yvz�wt~�wvts usxxs }wq� srrw�s yvuw�y�s ¹ tvty�s � ~r�
r}~�s}qv ~xy�ts z�r~�wvtw y~q�~xw u w ¼�sqrs �xrwz s o |ty�s �xw ~x�v}wrz w �s�
tsrwyw zvqr}~tv y~�~ywr~ � uw ~��}stuwz strv ¹ z ~ ~ty�s uw vrrwz w��~�wvts o

  w qs��wrv qw �}sqstrs}~ � �t~ �}s�s wtr}vu��wvts ~xx~ �v�wy~ ����� s ~xxs
�srw �s�}~xw ¹ wtrsqw yvz s qwqrsz w ~rrw ~ }~��}sqstr~}s �t }~�wvt~ztrv ~��
�}vqqwz ~rv o � ~ s � � sts }wyv}u~}s y�s r~xw qwqrsz w uw }~�wvt~z strv ¹ ��} � s}�
z srrstuv u�w r}~rr~}s wt z vuv �w� � yvs}strs qwr�~�vtw º}s~xw º¹ }wt�tyw~tv ~x
}w�v}s s ~xx~ �}sywqwvts usxxs xv�wy�s �v}z ~xw o ��sqrs �xrwz s ~ �}vtrs uw �v}rw ~��
�}vqqwz ~�wvtw tsxx~ us�tw�wvts usw yvtysrrw s usxxs }sx~�wvtw r}~ sqqw ¹ �~}~trwq�
yvtv �t }~�wvt~zstrv }w�v}vqv o � qwqrsz w uw }~�wvt~z strv ~��}vqqwz ~rv Úy�s
qvtv sqqst�w~xz strs t�zs}wyw s tvt qwz�vxwywÛ s� wr~tv r~xw ~��}vqqwz ~�wvtw
qsz�xwysz strs ~yysrr~tuvxs s }stustuv º~��}vqqwz ~rv º x �wtrs}v qwqrsz ~ o
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�~ xv�wy~ ����� qw �~q~ q�xx �sqrstqwvts usx yvtysrrv uw wtqwsz s o �str}s tsxx~
xv�wy~ r}~uw�vt~xs �t sxsz strv ~��~}rwsts v tvt ~v��~}rwsts ~u �t wtqwsz s ¹
tsxx~ xv�wy~ ����� x �~��~}rstst�~ ��v � sqqs}s �~}�w~xs o �t }s~xr~ � wtqwsz s ~
¼�sqr~ sqrstqwvts �w s � ~ty�s �t wz �v�s}wz strv ¹ uv��rv ~xx �~��~tuvtv uw �t~
~��}vqqwz ~�wvts z vxrv �v}rs Ú~��~}rstst�~ v tvt ~��~}rstst�~Û wt �}~uw uw
�~}~trw}s �v}rw }wq� xr~rw o
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�sxx �vrrwy~ usxxx~ yvqr}��wvts }~�wvt~zstrv ~��}vqqwz ~rv yvt�wsts r�r�
r~�w~ �}sqstr~}s r~xs xv�wy~ yvzs �t~ �}~u�~xs sqrstqwvts uw yvtysrrw r}~uw�wvt�
~xw o

ã äå æ çèéêëéêëì íî ïìêïéèèì ëí íêçíéð é
§t wtqwsz s r}~uw�wvt~xs v ñòóòôõ ��v � sqqs}s yvz�xsr~z strs q� syw�y~rv u~xx~
q�~ ��t�wvts y~}~rrs}wqrwy~ o �s} �t wtqwsz s ö ¹ qvrrvwtqwsz s usxx �wtqwsz s �tw�
�s}qv usx uwqyv}qv ÷ ¹ ¼�sqr~ s ��

µA =

{
1 ⇔ x ∈ A
0 ⇔ x /∈ A�sxx~ xv�wy~ ����� ~t~xv�~z strs �t wtqwsz s ��v � sqqs}s }~��}sqstr~rv

u~ �t~ ÀÅÇÍÆ¿ÇÐ øÆ ËÄÄËÏÁÐÇÐÇÍË ¹ qwz wxs ~xx~ ��t�wvts usqy}wrrw�~ ¹ z ~
~�strs �~xv}w wt ù� ¹Sú ~t�wy�s � qvxv wt û� ¹Sü o ��wtuw �t wtqwsz s ����� ��v �
sqqs}s }~��}sqstr~rv yvz s �t wtqwsz s Ú�twrv v wt�twrvÛ uw yv��ws v}uwt~rs �

A = {(x, µA(x)) | x ∈ U}§t wtqwsz s ����� s � q� sqqv sq�}sqqv yvt �t~ tvr~�wvts �w� � yvz�~rr~ ¹ ~u
sqsz �wv �

A = 0.5/1 + 0.7/2 + 0.5/3
qs § s � uwqy}srv o

A =
∫
U µA(x)/x

qs § s � yvtrwt�v o
§t ~xr}v z vuv uw }~��}sqstr~}s �t wtqwsz s ����� s � r}~z wrs x~ q�~ ��t�wvts

uw ~��~}rstst�~ �

�s} �t wtqwsz s ����� qw � vqqvtv �vw wtr}vu�}}s xs qs��strw us�tw�wvtw �
¾ÅÄÄ¿ÏÁ¿ �

Supp(A) = {x ∈ U | µA(x) ≥ 0}ÓÒÁÐÍÍË �
Height(A) = supx∈U µA(x)§t wtqwsz s | qw uwys Ç¿ÏÃËÒÆÍÍËÁ¿ qs

Height(A) = 1ÓÒÀË ÁËÈÒÆ¿ �
Aα = {x ∈ U | µA(x)≥ α}ÓÒÀË ÁËÈÒÆ¿ ÙÁÏÐÁÁ¿ �

Aα = {x ∈ U | µA(x) > α}

{



 ~ tvr~}s y�s �xw ~x�~ r~�xw qvtv wtqwsz w ºtwrwuw ºo �}~�ws ~�xw | x�~�r~�xw s �
� vw �vqqw�wxs sq�}wz w}s �t wtqwsz s ����� wt ��t�wvts

uw �w� � wtqwsz w twrwu w ¹ qw �~ wt�~rrw �
µA(x) = supα∈(0,1] min(α, µAα

(x) ∀x ∈ U

uv�s qw s � yvtqwus}~rv
µAα

(x) =

{
1 ⇔ x ∈ Aα

0 ⇔ x /∈ Aα�w �vr}s�� s}v � vw wtr}vu�}}s y~}uwt~xwr~ � Ú����� s tvtÛ ¹ yvt�sqqwr~ � s ~xr}s
�}v�}wsr~ � �rwxw � s} �xrs}wv}w q� wx���w usxx~ rsv}w~ o ��sqrw ~q� srrw tvt �s}}~ttv
¼�w �}sqstr~rw o �t�sys ¹ �vwy�s � wx yvtysrrv uw wtqwsz s ����� s � wx �� xy}v usxx~
xv�wy~ �����¹ s � � sts qv«s}z ~}qw ~tyv}~ q� ywv � y�s sqqv qw�tw�y~ o

�vtqwus}w~zv §ý û~ttw SoooS��ü s yvtqwus}w~zv x �wtqwsz s ûr}~ w �� s w ��
~ttwü ¹ sqqv ��v � sqqs}s yvqw � }~��}sqstr~rv �

0
100

30 70

tvrw~z v y�s wt ¼�sqrv y~qv x �wtqwsz s ����� yvwtywus yvt x �wtqwsz s twrwuv o
�vtqwus}w~zv v}~ x �wtqwsz s � û~ttw wt y�w �t �vz v s � yvtqwus}~rv �syy�wv ü¹
sqqv ��v � sqqs}s yvqw � }~��}sqstr~rv �

0
100

30 70

�



s � s� wustrs y�s r~xs wtqwsz s s � wtr}wtqsy~zstrs �����¹ s ¼�~x�t¼�s rstr~�
rw�v uw u~}ts �t~ }~��}sqstr~�wvts yvzs wtqwsz s twrwuv �v}rs}s��s ~u �t~
syysqqw�~ ~��}vqqwz ~�wvts o

f þZþZ ö \i_^j ­a¤¤ ÿd­]d\­c_\d `d¤ i_\id]]_ `c c\­cd® d
�w �vqqvtv us�tw}s ~ty�s wtqwsz w ����� uw v}uwts q��s}wv}s ¹ ~u sqsz�wv �xw
wtqwsz w ����� uw rw� v n ¹ v��s}v �t wtqwsz s ����� � s} y�w wx �}~uv uw ~��~}rs�
tst�~ uw �t sxsz strv ~u �t wtqwsz s s � ~ q�~ �vxr~ sq�}sqqv u~ �t wtqwsz s
�����o

|u sqsz�wv qw �vr}s��s ~�s}s x �wtqwsz s ��ñ� òõñ���¹ s �t sxsz strv �vr}s��s
~��~}rsts}� w yvt �}~uv � õ�õ¹ � õ�óõ¹ �ó�o �v}z ~xz strs � s} ¼�sqrw wtqwsz w qw
�~ �

µA : U → [0, 1][0,1]yvqw � us�twr~ �
µA(x) =

∫
f(u)/u

yvt
u ∈ [0, 1]

s
f : [0, 1] → [0, 1]§t ~xr}v rw� v uw sqrstqwvts yvtqwqrs tsx us�tw}s wtqwsz w ����� w y�w sxsz strw

qw~tv ~ xv}v �vxr~ wtqwsz w �����¹ ~u sqsz �wv �
	 �õñ �
���óó��ò� óò�
 �� ò �ñ�� � óõ ý û ��ñ� ó�� ò� ó��ô�¹	 ���� ò
õñ��� ò¹ �ó��ü

f þZþf �a i_® d h¤c c\­cd® c ¯abbl ^j��^d­d\]c\_ ¤ ÿc\id^]dbbj
� xw wtqwsz w ����� yvqrwr� wqyvtv �t~ yv}twys wus~xs � s} }~��}sqstr~}s wt�v}�
z ~�wvtw wtys}rs ¹ z ~ s � � sts qr~�wxw}s yvq~ qw wtrstus � s} wtys}rs��~ o �vtqwu�
s}w~zv xs �}~qw �

� �� � � � �õ���ò�� �
 � �st�~ sqr}~rrv wx t�z s}v S��
	 � � � � � ó�ó� �ñ� ��õñ� � ��� �

 � � ò� �õ��òôõ�� � � ��õñõ ��
yvtqwus}w~zv � � tvt s � tvrv qs wxt�z s}v S� �s}}~ � sqr}~rrv v z stv ¹ z ~

y�w~}~z strs q~}~ � v tvt q~}~ � sqr}~rrv o ��sqrv rw� v uw wtys}rs��~ s � xs�~rv ~x
�s}w�y~}qw v z stv uw �t s�strv � st us�twrv ¹ s � v}r~ ~ }~�wvt~zstrw uw rw� v
�}v�~�wxwqrwyv o


 � ~ty�s qs ��vtv s � �t rs}z wts �����¹ s � u~ tvr~}s y�s ¼�w x �wt�v}z ~�wvts
tvt s � tvr~ � qw s � u w �}vtrs ~ ºtvt yvtvqyst�~ º¹ tvt wtys}rs��~ o

	 � �t~ ��vt~ �~}~ s � �t rs}z wts �����¹ v��s}v wys}rv ¹ tvt �st us�twrv �
¼�sqr~ s � x~ �~��s��~ y�s yvtqstrs uw r}~rr~}s x~ xv�wy~ �����¹ ¼�sxx~ ~qqv yw~r~
~xx~ ò�� õ�� ò�ò�òó� � ôò ô�� ñò�� ���óó�� �ñó� �� ����óó��ò� óò�
 � ôò �ñ �����õ���

¦�rr~� w~ ~x uw x~ � usxx~ us�tw�wvts uw wtqwsz s ����� qw ~qqvyw~ q� sqqv ~xx~
�v�wy~ ����� x~ �Ð¿ÏÆË øÐÒÒË Ö¿ÙÙÆ� ÆÒÁË  ¹ y�s yvtqstrs uw r}~rr~}s ~ty�s
tvt qvxv wt�v}z ~�wvtw �~��s ¹ z ~ wz�}sywqs wt �t qstqv �w� � x~rv o

�



f þZþ¡ �a¤ i_\id]]_ `c kabbl\d­­ d ¤d ­ad c® � ¤cijbc_\c
� �s � y�w s � ~}}w�~rv ~yv}}sx~}s x~ }sx~�wvts r}~ �v�wy~ ¦}~uw�wvt~xs s �v�wy~
����� ~xx~ }sx~�wvts r}~ ��xr�}~ ! yywustr~xs ¹ � s}z s~r~ u~xx~ �w�~xtrs �v�wy~
| }wqrvrsxwy~ Ú�~q~r~ q�x "p � v tvt s# �Û s y�xr�}~ v}wstr~xs ¹ qwz�vxs��w~r~ u~x
¦~v ¹ y�s ~zzsrrs y�s wt v�tw yvq~ �w qw~ qsz �}s �t~ �~}rs usx q�v v��vqrv o
�t �~}rwyvx~}s $¿Ù%¿ ¹ tsx q�v tvrv rsqrv &Ò ÌÅÍÍÎÔÖÐÇÙÆÐÏ¿ qw z�v�s q�
¼�sqrs xwtss ¹ ~}}w�~tuv ~ �}sqstr~}s x~ �v�wy~ ����� yvzs �t~ }w�vx��wvts
tsxx~ y�xr�}~ v yywustr~xs o

� w s � �t~ yv}}sx�wvts r}~ x~ y�xr�}~ v yywustr~xs s xv�wy~ r}~uw�wvt~xs s r}~
x~ xv�wy~ ����� s x~ y�xr�}~ v yywustr~xs ¹ r�rr~�w~ s � ~ty�s u~ tvr~}s y�s x~
xv�wy~ ����� tvt qvxv sqrstus x~ xv�wy~ r}~uw�wvt~xs ¹ z ~ ~ty�s ts rv�xws wx
}w�v}s ¹ s yvz s qw �su}~ � x~ z ~��wv} �~}rs us�xw q� wx���w y�s qw z�v�vtv u~
¼�sqr~ ~��~tuvt~tv xs y~}~rrs}wqrwy�s usxxs xv�wy�s �v}z ~xw ¹ � s} uw�str~}s wt
us�twrw�~ qwqrsz w t�zs}wyw o

�~ xv�wy~ ����� qw �}v� vts ¼�wtuw yvz s �t �v}z ~xwqzv �w� � wuvtsv � s}
}~��}sqstr~}s }~�wvt~z strw uw rw� v ~��}vqqwz ~rv ¹ wt z vxrs ~��xwy~�wvtw s �
�}s�s}w� wxs ~xx~ xv�wy~ r}~uw�wvtxs ¹ z ~ s � q� �t �w~tv u~ sqq~ uwqrwtr~ ¹ s tvt
uw}srr~z strs �~}~�vt~�wxs o

ã äã æ çèéêëéêëì îé ì' é()* íìê í ç+, îí íêçíéð í
���xw wtqwsz w twrwu w qvtv tvrv}w~z strs us�twrs ~xy�ts v�s}~�wvtw ¹ r}~ y�w
�twvts ¹ wtrs}qs�wvts s yvz �xsz strv o  ~rw u�s wtqwsz w ö s - ¹ qvrrvwtqwsz w uw
�t wtqwsz s �tw�s}qv ÷ ¹ sqqs qvtv yvqw � us�twrws �

§twvts �
A ∪ B = {x | x ∈ A ∨ x ∈ B}

¹
x ∈ U�trs}qs�wvts �

A ∩ B = {x | x ∈ A ∧ x ∈ B}
¹
x ∈ U�vz�xsz strv �

∼ A = {x | x /∈ A}
¹
x ∈ Up � �vqqw� wxs �vw º�wq�~xw��~}s º r~xw v� s}~�wvtw r}~z wrs xs ��t�wvtw y~}~rrs}�

wqrwy�s usw �~}w wtqwsz w yvwt�vxrw o

A B Unione Intersezione Complemento 
di A

�



��sqrs v� s}~�wvtw � vqqvtv sqqs}s sqrsqs wt �w� � zvuw tsx y~qv wt y�w qw
v� s}w q� wtqwsz w �����o �v}qs x �~��}vyywv �w� � �sts}~xs s � qr~�wxw}s ¼�~xw �}v�
�}wsr~ � us��~tv sqqs}s qvuuwq�~rrs u~ ��t�wvtw uw .òñó��� �� òõñ � .¹ .�ñòõñ � .¹
.�õ�� ��� �ñóõ .o �tr}vu�yw~z v ¼�wtuw ÁÔÇ¿ÏÃÐ s ÁÔÊ¿Ç¿ÃÏÃÐ ¹ yvzs º�st�
s}~xw��~�wvts º uw wtrs}qs�wvts su �twvts o

�t~ ÁÔÇ¿ÏÃË s � �t~ ��t�wvts
t : [0, 1]X[0, 1] → [0, 1]

y�s qvuuwq�~ xs
qs��strw �}v�}wsr~ ��

•
�vtuw�wvtw ~x yvt�ts �

t(0, 0) = 0
¹
t(µA(x), 1) = t(1, µA(x)) = 1

•
�vzz�r~rw� wr~ ��

t(µA(x), µB(x)) = t(µB(x), µA(x))

•
�vtvrvtw~ � qs

µA(x) ≤ µC(x)
s

µB(x) ≤ µD(x)
~xxv}~

t(µA(x), µB(x)) ≤ t(µC(x), µD(x))

•
|qqvyw~rw� wr~ ��

t(µA(x), t(µB(x), µC(x)) = t(t(µA(x), µB(x)), µC(x))

|t~xv�~zstrs �t~ ÁÔÊ¿Ç¿ÏÃË ¹ �sts}~xw��~�wvts usx ºyvtysrrv º uw �twvts ¹
��v � sqqs}s y~}~rrs}w��~r~ yvz s �t~ ��t�wvts

s : [0, 1]X[0, 1] → [0, 1]
ú y�s

qvuuwq�~ xs qs��strw �}v�}wsr~ ��

•
�vtuw�wvtw ~x yvt�ts �

s(1, 1) = 1
¹
s(µA(x), 0) = s(0, µA(x)) = µA(x)

•
�vzz�r~rw� wr~ � �

s(µA(x), µB(x)) = s(µB(x), µA(x))

•
�vtvrvtw~ � qs

µA(x) ≤ µC(x)
s

µB(x) ≤ µD(x)
~xxv}~

s(µA(x), µB(x)) ≤ s(µC(x), µD(x))

•
|qqvyw~rw� wr~ � �

s(µA(x), s(µB(x), µC(x)) = s(s(µA(x), µB(x)), µC(x))

~xy�tw sqsz �w uw r�tv}z s s r�yvtv}z s �rwxw��~rs yvzs sqrstqwvts usw yvtysrrw
u w wtrs}qs�wvts s �twvts qvtv w qs��strw Úqw yvtqwus}~tv u�s wtqwsz w ö s - ¹
qvrrvwtqwsz w uw �t �z w�s}qv usx uwqyv}qv ÷ Û �

/0120 3 3 10 435637120 3
&ÇÁÐÏÙÐÍÆ¿ÇÐ �
r�tv}z ~ yvqw � us�twr~

µA∩B(x) = min(µA(x), µB(x))
¹
∀x ∈ U8ÇÆ¿ÇÐ � r�yvtv}z ~ yvqw � us�twr~

µA∪B(x) = max(µA(x), µB(x))
¹
∀x ∈ U92: : ; 3 < 52=2442

ÖÏ¿ø¿ÁÁ¿ � r�tv}z ~ yvqw � us�twr~
µA•B(x) = µA(x) • µB(x)

¹
∀x ∈ U¾¿ÃÃË � r�yvtv}z ~ yvqw � us�twr~

µA+B(x) = µA(x) + µB(x) − µA(x) • µB(x)
¹
∀x ∈ U

S�



/0120 3 3= 10435637120 3 >10 ?2@;43
&ÇÁÐÏÙÐÍÆ¿ÇÐ � r�tv}z ~ yvqw � us�twr~
µA∧B(x) = max(0, µA(x) + µB(x) − 1)

¹
∀x ∈ U8ÇÆ¿ÇÐ � r�yvtv}z ~ yvqw � us�twr~

µA∨B(x) = min(1, µA(x) + µB(x))
¹
∀x ∈ U�w tvrw y�s xs r}s yx~qqw u w v� s}~�wvtw qv�}~ wtr}vuvrrs yvwtywuvtv yvt xs

�q�~xw v� s}~�wvtw wtqwsz wqrwy�s tsx y~qv �xw wtqwsz w yvwt�vxrw qw~tv ºtwrwu w ºo
Ú� ~ tsx y~qv uw wtqwsz w ����� sqqs �~ttv ¹ wt �sts}~xs ¹ u w�s}qs �}v�}wsr~ �Û o
pyyv yvzs r~xw v� s}~�wvtw �vqqvtv sqqs}s � wq�~xw��~rs r}~z wrs xs ��t�wvtw uw

~��~}rstst�~ usw �~}w wtqwsz w yvwt�vxrw �

SS



A B

Unione Intersezione

Somma Prodotto

Unone vincolata Intersezione vincolata

��sqrs v� s}~�wvtw � vqqvtv �vw sqqs}s �wqrs yvzs .õ� ���� òõñò ôò ������ �� òõñ � .o
�s} z vqr}~}s sq~�}wstrsz strs wx ¼�~u}v uw r~xw ºv� s}~�wvtw uw ~��}s�~�wvts º
wtr}vu�yw~z v u�s t�v�s v�s}~�wvtw �

ÖÏ¿ø¿ÁÁ¿ øÏËÙÁÆÊ¿ � s � �t~ r�tv}z ~ yvqw � us�twr~ �

Sn



a � b =






a ⇔ b = 1
b ⇔ a = 1

0 ⇔ a, b < 1

A
¾¿ÃÃË øÏËÙÁÆÊË � s � �t~ r�yvtv}z ~ yvqw � us�twr~ �

a ] b =






a ⇔ b = 0
b ⇔ a = 0

1 ⇔ a, b > 0

B
�w ��v � ~xxv}~ uwz vqr}~}s y�s r�rrs xs r�tv}z s qvtv ºyvz�}sqs º r}~ wx

�}vuvrrv u}~qrwyv s x �wtrs}qs�wvts �}wz ~ us�twr~ ¹ tsx qs��strs qstqv �
tdp(a, b) = tminima(a,b) ≤ tgenerica(a, b) ≤ tmassima(a, b) = min(a, b)|t~xv�~zstrs qw � v� � uwz vqr~}s y�s r�rrs xs r�yvtv}z s qvtv ºyvz�}sqs º

r}~ x ��twvts �}wz ~ us�twr~ ¹ s x~ qvzz ~ u}~qrwy~ ¹ v��s}v �
max(a, b) = sminima(a, b) ≤ sgenerica(a, b) ≤ smassima(a, b) = sds(a, b)C�w �vqqvtv ~ty�s wtr}vu�}}s r�tv}z s s r�yvtv}z s º�~}~zsr}wy�s º¹ y�s wt

�~qs ~x �~xv}s usx �~}~zsr}v qw ºz�v�~tv º r}~ �xw sqr}sz w �}wz ~ us�twrw o
�tr}vu�yw~zv yvzs sqsz�wv x �ÆÇÁÐÏÙÐÍÆ¿ÇÐ s x �ÅÇÆ¿ÇÐ uw DËÈÐÏ o

� �ÆÇÁÐÏÙÐÍÆ¿ÇÐ øÆ DËÈÐÏ s � �t~ r�tv}z ~ yvqw � us�twr~ �
tw(a, b) = 1 −

[
1, ((1 − a)w , (1 − b)w)

1
w

]

� s}
w → 0

sqq~ rstus ~x �}vuvrrv u}~qrwyv ¹ � s}
w → ∞

~x �wtrs}qs�wvts
qr~tu~}u o E ��v � sqqs}s wtrs}�}sr~rv yvz s �}~uv usxx~ �v}�~ usxx �wtrs}qs�wvts
�}vuvrr~ o

� �ÅÇÆ¿ÇÐ øÆ DËÈÐÏ s � �t~ r�yvtv}z ~ yvqw � us�twr~ �
sw(a, b) = min

[
1, (aw + bw)

1
w

]

�s}
w → ∞

sqq~ rstus ~xx ��twvts �}wz ~ us�twr~ ¹ � s}
→ 0

~xx~ qvzz ~
u}~qrwy~ oF

� �wtqwsz s usxxs v� s}~�wvtw uw ~��}s�~�wvts ��v � �vw sqqs}s yvz�xsr~rv u~
�t~ yx~qqs uw v� s}~rv}w uw z suw~ ¹ r~xw u~ sqqs}s yvz �}sqw r}~ x �wtrs}qs�wvts
s x ��twvts qr~tu~}u o §t rw�wyv sqsz�wv s � x~ ÃÐøÆË ÈÐÇÐÏËÒÆÍÍËÁËy�s ¹
�sts}~xw��~r~ ~u t wtqwsz w ¹ ~qq�z s x~ qs��strs �v}z ~ �

hα(a1, a2, . . . , an) =
(

(a1)α+(a2)α+...(an)α

n

) 1
α

�x ¼�~u}v usxxs v� s}~�wvtw uw ~��}s�~�wvts ��v � wt us�twrw�~ sqqs}s yvqw �
qwtrsrw��~rv �

GHIJ K L M NO OJPLJQL RJK JIPKSOIJL TOR U HIVTKPPK T LW
µA(x)

L
µB(x) X WONTLPPOYKV LJPLZ[LW LNO\LJSL POTI\WK]H^L JIJ NIJI NPKPO RPO_OSKPO O NOVMI_O H^L YLJ\IJI RPO_OSSKPO OJ_LPPLWKPRWS TLW PK_O ITLWKSOIJO` HIJ

tdp(a, b)
L

sds(a, b)
NO OJPLJQIJI WONT LPPOYKVLJPL _O_ TWIQIPPI QWKNPOHI L _K NIVVKQWKNPOHK a

min(a, b)
L

max(a, b)
HIWWONTIJQIJI K__ UOJPLWNLSOIJL L K__ URJOIJL TWOV K QL]JOPL abcK JIPKWL H^L TLW d e f _L QRL ITLWKSOIJ O HIOJHOQIJI HIJ RJOJIL L OJPLWNLSOIJL YOJgHI_KPL a

S�



t-norme t-conormeoperatori di media
min max min max

Drastic
Product

Drastic
Sum

Intersezione Unione

Intersezione di Yager
(w crescenti)

Unione di Yager
(w crescenti)

media generalizzata
(a crescente)

�w ��v � v}~ us�tw}s wx Ê¿ÃÄÒÐÃÐÇÁ¿ ¹ v��s}v �t~ ��t�wvts
c : [0, 1] →

[0, 1]
y�s qvuuwq�~ xs qs��strw �}v�}wsr~ ��

•
�vtuw�wvtw uw yvt�ts �

c(0) = 1
¹
c(1) = 0

•
�}v�}wsr~ � uw z vtvrvtw~ � qs

µA(x1) ≤ µA(x2) ∀x1, x2 ∈ U
¹ ~xxv}~

c(µA(x1)) ≥ c(µA(x2))

•
�vtrwt�wr~ � �

c(•)
s � yvtrwt�~

•
�t�vx��wvts � t

c(c(µA(x))) = µA(x)h
�x yvz�xsz strv qr~tu~}u ¹ � s} �t �sts}wyv wtqwsz s � wt � s � yvqw � us�twrv �

µ∼A(x) = 1 − µA(x)
¹
∀x ∈ U i�w s � usrrv wt �}sysust�~ y�s xs �~}ws sqrstqwvtw zvqr}~rs usxxs v� s}~�wvtw

q��xw wtqwsz w qvtv yvz�~rw�wxw yvt xs v� s}~�wvtw twrwus wt y~qv uw wtqwsz w tw�
rwuw ¹ r�rr~� w~ xs � vqqw� wxw �sts}~xw��~�wvtw uw«s}wqyvtv �s} xs �}v�}wsr~ � �}s�
qstr~rs o �vtqwus}w~zv ¼�wtuw �twvts ¹ wtrs}qs�wvts s yvz �xsz strv qr~tu~}u o
�s} ¼�sqrs v� s}~�wvtw �~x�vtv xs �}v�}wsr~ ��

•
�vzz�r~rw�~ �

A ∪ B = B ∪ A
¹
A ∩ B = B ∩ A

•
|qqvyw~rw�~ �

(A ∪ B) ∪C = A ∪ (B ∪ C)
¹
(A ∩ B) ∩C = A∩ (B ∩ C)

•
 w ~qqv}�wz strv �

A ∪ (A ∩ B) = A
¹
A ∩ (A ∪ B) = Aj

kK YI_PL NO QL]JONHL HIVL JL\KSOIJL lIWPL mRL__K TWLNLJPKPK X L NO WOH^OLQL K__K JL\KSOIJL_K V LJI WLNPWOPPOYK TWITWOLPK U QO OJYI_RSOIJL n
c(c(µA(x))) ≤µA(x)o

∼ A
L U T OR U HIVRJLVLJPL NHWOPPI HIV L p NL\JKPIq NO JIPO H^L O_ NIQQONlKWL mRLNPL PWL TWITWOLPK U HIJNLJPL QO NPWRPPRWKWL O NIPPIOJ NOLV O QO

r HIV L RJ WLPOHI_I X WONT LPPI K__L ITLWKSOIJO NPKJQKWQ

S�



•
�usz�vrst�~ �

A ∪ A = A
¹
A ∩ A = A

•
 wqr}w��wrw� wr~ � �

A ∩ (B ∪ C) = (A ∩ B) ∪ (B ∩ C)
¹
A ∪ (B ∩ C) =

(A ∪ B) ∩ (A ∪ C)

•
�s��w uw us �v}�~t �

∼ (A ∪B) =∼ A∩ ∼ B
¹
∼ (A ∩B) =∼ A∪ ∼ B

•
�s��s usxxv �s}v �

A ∪ U = U
¹
A ∩ U = A

•
�s��s uw wustrwr~ � �

A ∪ ∅ = A
¹
A ∩ U = A

•
�s��s uw uv��w~ ts�~�wvts �

∼ (∼ A)) = A

�w tvrw y�s tvt �~x�vtv xs xs��w us rs}�v sqyx�qv s uw tvt yvtr}~uuw�wvts ¹ �vt�
u~zstr~xw tsxx~ rsv}w~ us�xw wtqwsz w twrwuw o ¦�rr~�w~ �t~ uw�s}q~ qysxr~ usxxs
v� s}~�wvtw ��v � �~} z ~trsts}s r~xw xs��w ~ty�s tsxx~ rsv}w~ �����¹ ~ uwqy~�wrv
uw ~xr}s o |u sqsz�wv qys�xwstuv wx yvz �xsz strv qr~tu~}u ¹ �twvts s wtrs}�
qs�wvts �wtyvx~rs ¹ qw ��v � �~ywxz strs uwzvqr}~}s y�s xs xs��w usx rs}�v sqyx�qv
s uw tvt yvtr}~uuw�wvts qvtv �~xwus ¹ r�rr~�w~ qw q~y}w�y~tv wusz�vrst�~ s
uwq}w��wrw� wr~ �o

| xr}s v� s}~�wvtw q� sqqv �rwxw��~rs tsxx~ rsv}w~ us�xw wtqwsz w ����� qvtv xs
qs��strw �

ÖÏ¿ø¿ÁÁ¿ ÊËÏÁÐÙÆËÇ¿ �
µA1×A2×...×An

(x1, x2, . . . , xn) = min [µA1(x), µA2(x), . . . , µAn
(x)]

¹
x1 ∈ U1, x2 ∈

U2, . . . , xn ∈ UnÖÏ¿ÆÐÍÆ¿ÇÐ
u~rv

A = A1×A2×. . .×An

s
P = Ai

¹ qw us�twqys
µ[A↓P ] = supy∈Ai

µA(x1, . . . , xi, . . . xn)�t�ts qw ~yystt~ ~ yvzs ~ty�s xs }sx~�wvtw � vqq~tv sqqs}s sqrsqs ~ ÏÐÔ
ÒËÍÆ¿ÇÆ ÀÅÍÍÎ o §t~ }sx~�wvts twrwu~ r}~ �w� � wtqwsz w

X1, X2, . . . , Xn

��v �
sqqs}s � wqr~ yvzs �t qvrrvwtqwsz s usxx �wtqwsz s �}vuvrrv y~}rsqw~tv uw usrrw wt�
qwsz w o |t~xv�~z strs �t~ ÏÐÒËÍÆ¿ÇÐ ÀÅÍÍÎ r}~ �w� � wtqwsz w twrwuw

X1, X2, . . . , Xn��v � sqqs}s � wqr~ yvzs �t qvrrvwtqwsz s ����� uw
U = X1 × X2 × . . . × Xn

o

ã äs æ çèéêëéêëì î) îì, íï) t u v wæ x
§t �}wzv ~��}vyywv ~u �t~ xv�wy~ usx }~�wvt~zstrv ~��}vqqwz ~rv �~}rs u~x
yvtqwus}~}s wx y~xyvxv �}v� vqw�wvt~xs yx~qqwyv ¹ �~x�r~tuv xs �}v�vqw�wvtw q�
ù� ¹Sú ~t�wy�s � q� û� ¹Süo �w vrrst�vtv �~}ws xv�wy�s ¹ ~ qsyvtu~ us�xw v� s}~rv}w
����� �rwxw��~rw ~x �vqrv usw yv}}wq� srrw� w v� s}~rv}w xv�wyw Úy�s �~}ws}~ttv ¹ wt
�sts}s ¹ tsxs xv}v �}v�}wsr~ �Û o �vz s sqz�wv qw �}v�vts x~ xv�wy~ $ Ô¾× y v
Ò¿ÈÆÊË ÙÐzÅÐÇÍÆËÒÐ ÙÁËÇøËÏø ¹ vrrst�r~ �rwxw��~tuv wtrs}qs�wvts ¹ �twvts
s yvz�xsz strv qr~tu~}u o

S�



�s} ¼�sqr~ ¹ usrrs { ¹|¹} xsrrs}s st�tyw~rw�s ¹ w �~xv}w u w �s}wr~ � qvtv u~rw
u~ �~

• v(∼ P ) = 1 − v(P )

• v(P ⇒ Q) = v(∼ P ∪ Q) = max(1 − v(P ), v(Q))

• v(P ∪ Q) = max(v(P ), v(Q))

• v(P ∩ Q) = min(v(P ), v(Q))

�s} x~ xv�wy~ ���p� �~xv�vtv w qs��strw }wq� xr~rw �

•
�~ xv�wy~ ���p� s � sqqst�w~xz strs r}w�~xstrs ¹ v��s}v qs u�s � o� o� o yv�
wtywuvtv q� {

0, 1
2
, 1

} ~xxv}~ yvwtywuvtv q� ù� ¹Sú

•
¦�rrw s qvxw w rsv}sz w uw �� �~ttv wt ���p� �~xv}s z ~��wv}s v ���~¬s
~ S�n A�

�~ xv�wy~ ���p� �}sqstr~r~ � s}z srrs uw �~x�r~}s x~ �s}wr~ � q� ù� ¹Sú s ¼�wtuw
qw r}~rr~ wt �~}rs uw �t~ xv�wy~ ����� AA o ¦�rr~�w~ sqq~ tvt r}~rr~ uw}srr~z strs
q� wtqwsz w ����� s tvt � s}z srrs �t }~�wvt~zstrv ~��}vqqwz ~rv u~ �}sz sqqs
wtys}rs o

ã ä� �êè(ì ë+* íìêé ) îî) èéì( í) ëéîî) ' ìççí� íîè) �
�~ rsv}w~ usxx~ �vqqw�wxr~ �¹ wt yvt�w�t�wvts yvt x~ rsv}w~ us�xw wtqwsz w �����¹
yvtqstrs uw q� wx���~}s �t~ xv�wy~ �w� � �}v�}w~z strs �����

f þe þZ � c­a^d ¯abbl
�w yvtqwus}w �t~ z wq�}~ usx rw� v " x �v��srrv ½ �sq~ �w� � uw S���# o � xw wtqwsz w
ù� ¹S�ú s ÚS� ¹

∞
Û tsysqq~}w ~ }~��}sqst~}s r~xs z wq�}~ qvtv wtqwsz w twrwu w ¹ tvt qw

�~�wqv�tv uw }wyv}}s}s ~u wtqwsz w ����� � s} }~��}sqstr~}s x~ �~��s��~ Úyvz s
�
v(•)

WKTTWNLJPK _K lRJSOIJL QO YLWOPK UX p�c X �� L ��� NIJI WKTTWLNLJPKPO WONT LPPOgYKVLJPL QK OJPLWNLSOIJL X RJOIJL L HIVT_LV LJPI NPKJQKWQ�HIJ � HO NO WOlLWONHL NI_OPKV LJPL K__K PLIWOK KNNOIV KPOHK QL_ HK_HI_I TWITINOSOIJK_L H_KNgNOHI

G� NO HIJNOQLWK X OJ RJK QLQRSOIJL P

P ⇒ Q
Q

H^L O_ YK_IWL QO YLWOPK U QL__K QLQRSOIJL NOK TKWOK_ V OJ OV I QLO YK_IWO QO YLWOPK U QL__L TWLV LNNL aGG[ OR U NT LNNI HO NO WOlLWONHL K _I\OH^L HIV L mRL__K TWITINPK HIV L K _I\OH^L VR_POYK_LJPO

S{



~u sqsz �wv � s} "� sq~trs# ¹ " xs��s}v#Û o ¦�rr~�w~ qw �~ ~�}~ � qsz �}s �t~ wt�
ysrs��~ tsxx �~rr}w��w}s x~ z wq�~ ~ ù� ¹S�ú v ÚS� ¹

∞)
o �s} }~��}sqstr~}s r~xs rw� v

uw wtys}rs��~ qw }wyv}}s ~xxv}~ ~u �t~ Ã ÆÙÅÏË ÀÅÍÍÎ �v��s}v �t~ ��t�wvts y�s
~qqv yw ~u v�tw �vqqw� wxs qvrrvwtqwsz s AB usxx ��tw�s}qv usx uwqyv}qv �t �}~uv uw
~��~}rstst�~ usxx# �sxsz tsrv z wq�}~rv# o

�t ~xr}w rs}z wtw �t~ z wq�}~ ����� s � us�twr~ yvzs �t~ ��t�wvts
g : P (X) →

[0, 1]
r~xs y�s �

• g(0) = 0

• g(U) = 1

•
qs

A ⊆ B
¹ ~xxv}~

g(A) ≤ g(B)

•
qs

A1 ⊆ A2 ⊆ . . . ⊆ An

v qs
A1 ⊇ A2 ⊇ . . . ⊇ An

¹ ~xxv}~
limi→∞ g(Ai) =

g (limi→∞ Ai)

f þe þf � c­a^d `c � ¤ja­c� c¤]j ÿ d ±^d`d\bj
�w yvtqwus}w �t~ ��t�wvts

m
¹ usrr~ ËÙÙÐÈÇËÃÐÇÁ¿ øÆ �ËÙÐyvqw � us�twr~ �

m : P (U) → [0, 1]
AC r~xs y�s

m(0) = 0
s ∑

A∈P (X) m(A) = 1~u sqq~ qw ~qqv yw~ x~ qs��strs qsz ~trwy~ �
m(A)

z wq�}~ x �s� wust�~ y�s
�t sxsz strv ~��~}rst�~ ~xx �wtqwsz s | ¹ z ~ tvt ~u �t q�v qvrrvwtqwsz s o §t
swtqwsz s | r~xs y�s

m(A) > 0
�}stus wx tvzs uw ÐÒÐÃÐÇÁ¿ À¿ÊËÒÐ o

�w � vqqvtv ~ ¼�sqrv ��trv wtr}vu�}}s u�s z wq�}s ¹ qw~ q�xx~ �~qs usxx �~qqs�t~zstrv
uw �~qs ¹ v s¼�w�~xstrsz str y~}~rrs}w��~tuvxs yvt u�s �xrs}wv}w �}v�}wsr~ �¹ sqqs
qvtv x~ Ã ÆÙÅÏË øÆ ÊÏÐøÐÇÍË ¹ s x~ Ã ÆÙÅÏË øÆ ÄÒËÅÙÆ� ÆÒÁË �o

�~ � wq�}~ uw �}sust�~ s � y~}~rrs}w��~r~ u~xx ��xrs}wv}s �}v�}wsr~ ��
Bel(A1 ∪ A2 ∪ . . . ∪ An) ≥

∑
i Bel(Ai) −

∑
i<j Bel(Ai ∩ Aj) + . . . +

(−1)nBel(A1 ∩ A2 ∩ . . . ∩ An)¼�sqr~ z wq�}~ }~��}sqstr~ x~ y}sust�~ y�s �t sxsz strv ½ ~��~}rst�~
~xx �wtqwsz s | s ~w �~}w qvrrvwt wqwsz w uw | o ¦~xs z wq�}~ ��v � ~ty�s sqqs}s
sq�}sqq~ wt ��t�wvts usxx �~qqs�t~zstrv uw �~qs �

Bel(A) =
∑

B⊆A m(B)�~ z wq�}~ uw �x~�qw�wxr~ � s � y~}~rrs}w��~r~ u~xx ��xrs}wv}s �}v�}wsr~ ��
GZ _L V ONRWL lRSS� NIJI L]JOPL NR OJNOLV O JOPOQ O X V K TINNIJI LNNLWL LNPLNL KQ OJ NOLV O lRSS�G` �J WLK_PK U NO WOH^ OLQL V LJI WLNPWOPPOYKV LJPL H^L

m(•)
NOK QL]JOPK NR RJ UK_\LMWK QO �IWL_ XI KJH^L RJK

σ − algebra
a �J NINPKJSK NO WOH^OLQL H^L O_ QIV OJOI QO

m(•)
HIJPLJ\K OJNOLV LYRIPI X OJNOLV L RJOYLWNI X HIVT_LV LJPI QO I\JO L_LV LJPI X L NOK H^ ORNI WONTLPPI K__ URJOIJL a�IJ L U RJ HKNI H^L _K QL]JOSOIJL NR RJ UK_\LMWK QO �IWL_ NOK WOH^OLNPK KJH^L QK__ �LIWOKQL__K [WIMKMO_OPK UX QO lKPPI mRLNPK TRI U LNNLWL OJPLWTWLPKPK HIV L RJK V ONRWK lRSS�X OJHRO _ UKNNL\JKV LJPI TINNOMO_ONPOHI QO MKNL NO MKNK NR__ ULYOQLJSK QLWOYKPK QK KNNL\JKV LJPOWOTLPRPO X L PK_L QK WONTLPPKWL TOR U NPWLPPKV LJPL O QRL KNNOIV O QO NRMMKQOPOY OPK U OJPWIQIPPO OJNL\ROPI �QO lKPPI WOH^OLQLJQI _ UKQQOPOY OPK U� a

S�



P l(A1∩A2∩. . .∩An) ≤
∑

i P l(Ai)−
∑

i<j P l(Ai∪Aj)+. . .+(−1)n−1P l(A1∪
A2 ∪ . . . An)¼�sqr~ z wq�}~ }~��}sqstr~ x~ �x~�qw� wxwr~ � y�s �t sxsz strv ½ ~��~}rst�~
~xx �wtqwsz s | ¹ ~u �t qvrrvwtqwsz s uw | ¹ v ~u �t wtqwsz s wtrs}qsy~trsqw yvt | o
¦~xs z wq�}~ ��v � sqqs}s sq�}sqq~ wt ��t�wvts usxx �~qqs�t~z strv uw �~qs yvzs �
P l(A) =

∑
B∩A 6=∅ m(B)

o
 �s tvrs�vxw �}v�}wsr~ � usxxs z wq�}s v}~ wtr}vuvrrs qvtv �

• P l(A) ≥ Bel(A) ≥ m(A)

• P l(A) = 1 − Bel(∼ A)

• Bel(A) = 1 − P l(∼ A)

��sqrs z wq�}s qvtv qr~rs wtr}vuvrrs q� wtqwsz w twrwu w o us�tstuv �s}v � �t~
z wq�}~ uw qvrrvwtqwsz wr~ �

S(A, B)
su �t~ uw qwz wx~}wr~ �

E(A, B)
r}~ wtqwsz w

�����¹ ¼�~trv �wqrv �tv}~ ��v � sqqs}s sqrsqv u~
P (X)

~
Fuzzy(X)

¹ wtqwsz s
us�xw wtqwsz w ����� q� � ¹ �tw�s}qv usx uwqyv}qv o |u sqsz�wv qw ~�}~ttv �

• Bel(A) =
∑

B⊆X S(A, B)m(B)

• P l(A) =
∑

B⊆X E(A, B)m(B)

f þe þ¡ � c­a^d `c �_­­c� c¤]j ÿ d £ did­­c]j ÿ
��~tuv x �wtqwsz s us�xw sxsz strw �v y~xw � s} �t~ z wq�}~ uw �x~�qw� wxwr~ � v uw y}s�
ust�~ s � r~xs u~ � vrs}qw v}uwt~}s qsyvtuv �t~ }sx~�wvts uw wtyx�qwvts ¹ v��s}v
¼�~tuv

A1 ⊂ A2 ⊂ . . . ⊂ An

¹ uv�s
Ai ∈ P (X)

}~��}sqstr~ �t �sts}wyv
sxsz strv �v y~xs ¹ ~xxv}~ �~x�vtv xs qs��strw �}v�}wsr~ ��

Bel(A ∩ B) = min [Bel(A), Bel(B)]
P l(A∪B) = max [P l(A), P l(B)]

¹ � s} v�tw
A, B ∈σ−algebra

q�
P (X)

AF Ah�t ¼�sqrs yvtuw�wvtw xs z wq�}s uw �x~�qw� wxwr~ � s uw y}sust�~ �st�vtv }wq� sr�
rw�~zstrs ustvz wt~rs Ã ÆÙÅÏË øÆ Ä¿ÙÙÆ� ÆÒÁË s Ã ÆÙÅÏË øÆ ÇÐÊÐÙÙÆÁË s
�st�vtv wtuwy~rs yvt w qwz�vxw ∏

, N
Ai o

�s z wq�}s uw � vqqw� wxwr~ � s tsysqqwr~ �vqqvtv ~ty�s sqqs}s wtr}vuvrrs yvzs
z wq�}s ����� y~}~rrs}w��~rs u~xxs �xrs}wv}w �}v�}wsr~ ��

�s} x~ tsysqqwr~ � �
N(A ∩ B) = min [N(A), N(B)]

Gb[ OR U OJ \LJLWK_L JIJ L U JLHLNNKWOI H^L \_O L_LV LJPO lI HK_O NOKJI KJJOQKPO X V K MKNPK H^LLNNO NOKJI PRPPO I K_HRJO QLO NIPPIOJNOLV O OJ RJK NLmRLJSK QO OJNOLV O KJJOQKPO aGk �O QOHL HIWTI QO LYOQLJSK _ UOJ NOLV L QL\_O L_LV LJPO lI HK_O L QL_ HIWWONTLPPOYI YK_IWL aGoYLJ\IJI KJH^L QLPPL V ONRWL QO T_KRNOMO_PK U L QO HWLQLJSK HIJNIJKJPO

S�



�s} x~ �vqqw� wxwr~ � � ∏
(A ∪ B) = max [

∏
(A),

∏
(B)]

¹ � s} v�tw
A, B ∈σ − algebra

q�
P (X)

Aj A~
¦~xw z wq�}s v��w~z strs s}suwr~tv r�rrs xs �}v�}wsr~ � usxxs z wq�}s ����� s

usxxs z wq�}s uw �x~�qw� wxr~ � s y}sust�~ o �t �~}rwyvx~}s �

•
∏

(A) = 1 − N(∼ A)

• N(A) = 1 −
∏

(∼ A)

¦~xw �}v�}wsr~ � yv}}wq� vtuvtv ~xx~ qsz ~trwy~ qsyvtuv y�w | s � � vqqw� wxs qs s
qvxv qs tvt | tvt s � tsysqq~}wv ¹ s � wys�s}q~ | s � tsysqq~}wv qs s qvxv qs tvt
| tvt s � � vqqw� wxs o | xr}s �}v�}wsr~ � wtrs}sqq~trw qvtv �

•
∏

(A∪ ∼ A) = 1

• N(A∩ ∼ A) = 0

•
qs

N(A) > 0
~xxv}~ ∏

(A) = 1

•
qs ∏

(A) < 1
~xxv}~

N(A) = 0

�vz s �s} x~ z wq�}~ uw �}v�~�wxwr~ � s x~ ��t�wvts uw uwqr}w���wvts uw �}v�~�
�wxwr~ �¹ yvqw � ~ty�s v�tw z wq�}~ uw � vqqw� wxr~ � ��v � sqqs}s y~}~rrs}w��~r~ u~ �t~
ÀÅÇÍÆ¿ÇÐ øÆ ø ÆÙÁÏÆ�ÅÍÆ¿ÇÐ øÆ Ä¿ÙÙÆ� ÆÒÁË  

π : X → [0, 1]
A� � wt �~}rwyvx~}s

∏
(A) = maxx∈A π(x)

¹
∀A ∈ X

B� o

f þe þe �_­­c� c¤c]j ÿ d c\­cd® c ¯abbl
| ¼�sqrv ��trv s � �vqqw�wxs z srrs}s wt }sx~�wvts wtqwsz w ����� s rsv}w~ usxx~
� vqww� wxr~ � o  ~r~ x~ �}~qs "� s � | # wt y�w � s � �t~ ØËÏÆË� ÆÒÐ ÀÅÍÍÎ s
| s � �t wtqwsz s ����� Ústr}~z�w us�twrw q� �t �tw�s}qv usx uwqyv}qv § Û ¹
r~xs ~qqs�t~zstrv �}vu�ys �t~ uwqr}w���wvts uw �vqqw�wxwr~ � q� � ¹ �~}w ~xx~
���twvts uw ~��~}rstst�~ uw | ¹ wt ~xr}w rs}z wtw

πX = µA

o
Gq[ OR U OJ \LJLWK_L JIJ L U JLHLNNKWOI H^L \_O L_LV LJPO lI HK_O NOKJI KJJOQKPO X V K MKNPK H^LLNNO NOKJI PRPPO I K_HRJO QLO NIPPIOJNOLV O OJ RJK NLmRLJSK QO OJNOLV O KJJOQKPO aG� �O QOHL HIWTI QO LYOQLJSK _ UOJ NOLV L QL\_O L_LV LJPO lI HK_O L QL_ HIWWONTLPPOYI YK_IWL aG�� IYYOKV LJPL L U RJK

σ − algebraZ� �O TRI U QOV INPWKWL H^L
m(Ai) = π(xi) − π(xi+1)

S�



ã ä� � )''(éçéêè)* íìêé ëí '(ì' ìçí* íìê í �+**�
�}v�vqw�wvtw �~��s s wz�}sywqs �vqqvtv ¼�wtuw sqqs}s }~�}sqst~rs tsxx~ xv�wy~
����� ~rr}~�s}qv uwqr}w���wvtw uw � vqqw� wxr~ �o |u sqsz �wv u~rv �t �tw�s}qv
usx uwqyv}qv

U = {10, 20, 30, 40, 50, 60, 70, 80}
su wx qs��strs wtqwsz s �����

Giovane = {1/10+0.8/20+0.5/30+0.2/40+0.1/50+0.1/60+0/70} � òõ¡
¢�ññò � � � òõ¢�ñ �£ s � �t~ �}v�vqw�wvts y�s ~qqvyw~ ~xx~ �~}w~�wxs sr~ � u w �wv�~ttw
x~ uwqr}w���wvts

1/10 + 0.8/20 + 0.5/30 + 0.2/40 + 0.1/50 + 0.1/60 + 0.1/70
o

��wtuw �� ��ó� � ôò  òõ¢�ññò � � �����ñó� �ññò £�~ �t �~xv}s uw �vqqw� wxr~ � �~}w ~
πEtaDiGiovanni(40)

�~}w ~ � on o |t~xv�~zstrs x~ �vqqw� wxwr~ � u w � òõ¢�ññ ���ò�
ó�� ò ó��ñó� � ò �òñ���ñó�� �ññò £ q~}~ � �~}w ~

supx∈{30,40,50} πEtaDiGiovani(x)
¹

y�s }wq� xr~ � o� o

f þm þZ ¤j^cj� c¤c ¤c\hac­]ci¥d
§t~ �~}w~�wxs xwt��wqrwy~ s � �t~ �~}w~�wxs w y�w �vqqw�wxw �~xv}w qvtv �~}w~�wxw
�����o �v}z ~xz strs ��v � sqqs}s us�twr~ yvz s �t~ ¼�wtr��x~

(x, T (x), U, G, M)
¹

yvt ½ tvzs usxx~ �~}w~�wxs ¹ § �tw�s}qv usx uwqyv}qv ¹ ¦ Ú½ Û wtqwsz s usw rs}�
z wtw uw ½ Úwtqwsz s usw tvz w usw �~xv}w xwt��wqrwyw u w ½ ¹ v�t�tv usw ¼�~xw s �
�t~ �~}w~�wxs ����� us�twr~ q� § Û¹ � s � �t~ }s�vx~ qwtr~rrwy~ � s} �sts}�
~}s w tvz w usw �~xv}w uw ½ ¹ � s � �t~ }s�vx~ qsz ~trwy~ � s} ~qqv yw~}s ~u
v�tw �~xv}s wx q�v qw�tw�y~rv o �vz s sqsz�wv qw yvtqwus}w x~ �~}w~�wxs ¦�¡
�õ�òó� �¹ ½ý #�sxv ywr~# �¹ ý û� ¹ooo¹S��ü¹¦ Ú�sxvywr~ �Ûý û�w~tv ¹zvus}~rv ¹�sxv ys ü¹�
su � qvtv wtr�wrw� w Ú�suw ���}~Û o

Lento Moderato Veloce

§t Ã¿øÆÀÆÊËÁ¿ÏÐ ÒÆÇÈÅÆÙÁ ÆÊ¿
h(•)

s � �t v�s}~rv}s y�s z vuw�y~ �t
wtqwsz s ����� | Úsu wx qw�tw�y~rv ~u sqqv ~qqv yw~rvÛ o | xy�tw zvuw�y~rv}w
yvz�tszstrs �q~rw qvtv ~u sqsz �wv �

• molto(A)
s � yvqw � us�twrv �

µmolto(A)(u) = (µA(u))2

n�



• circa(A)
s � yvqw � us�twrv �

µcirca(A)(u) =
√

µA(u)

30 3080 80

anziano

anziano

circa anziano

molto anziano

f þm þf gj §j^cj� c¤d ¤d^c]j ÿ
§t~ �~}rwyvx~}s �~}w~�wxs xwt��wqrwy~ s � ¦��òó� �ý û~qqvx�r~zstrs �~xqv ¹ z vxrv
�~xqv ¹ yw}y~ �~xqv ¹�~xqv ¹yw}y~ �s}v ¹�s}v ¹zvxrv �s}v ¹ ~qqvx�r~z strs �s}v üB A oo �
�~xv}w y�s sqq~ ~qq�z s qvtv yvqw � us�twrw Úqw }wyv}uwtv w zvuw�y~rv}w �}wz ~
wtr}vuvrrwÛ �

• V ero(u) = u
¹
u ∈ [0, 1]

• Falso(u) = u
¹
u ∈ [0, 1]

• AssolutamenteFalso(u) =

{
1 ⇔ u = 0
0 ⇔ u 6= 0

¹
u ∈ [0, 1]

• AssolutamenteV ero(u) =

{
1 ⇔ u = 1
0 ⇔ u 6= 1

¹
u ∈ [0, 1]

ZG�_ YK_IWL QO YLWOPK U lRSS� QO RJK TWITINOSOIJL lRSS� TRI U KJH^L LNNLWL OJPWIQIPPI OJ RJKlIWV K TOR U LNPLNK a �JPWIQIPPI HIV L YKWOKMO_L _OJ\RONPOHK LNNI L U RPO_L T LW VINPWKWL HIV LWKTTWLNLJPKWL TWITINOSOIJO QL_ POT I �p L U YLWI� a
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B

A’

B’

Distrobuzione della possibilta’ di B’ dedotta considerando la premessa A’ e la relzione

tra A e B data dalla Implicazione di Mandani

 srrv
τ

�t rs}z wts usxx~ �~}w~�wxs �s}wr~ �¹ qw ��v � ~xxv}~ wtrs}�}sr~}s x~
�}v�vqw�wvts "½ s � | s �

τ
# yvz s "½ s �

τ(A(u))
# o |u sqsz�wv u~rv �t �sts}wyv

| ¹ "½ s � | s � �s}v# s¼�w�~xs ~ "½ s � �s}v Ú| Û# ¼�wtuw ~u ½ �wsts ~qqvyw~r~ x~
uwqr}w���wvts uw �vqw� wxwr~ �

vero(A(u)) = A(u)
¹ yv}}wq� vtustrs ~u "½ s � | # o

��wtuw uw us�~�xr ~u �t~ �}v�vqw�wvts s � ~qqv yw~rv wx �~xv}s uw �s}wr~ � �s}v o §t
sqsz �wv z vqr}s}~ � yvz s | �st�~ r}~q�v}z ~rv wt "| s � ~qqvx�r~z strs �s}v# s
"| s � ~qqvx�r~z strs �~xqv# o

A
B

A’

B’

Distrobuzione della possibilta’ di B’ dedotta considerando la premessa A’ e la relzione

tra A e B data dalla Implicazione di Mandani
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f þm þ¡ ö \i_^j ­a¤¤d �^_� _­cbc_\c ¯abbl
�w� � �}v�vqw�wvtw ����� � vqqvtv sqqs}s yvz�wt~rs �}~ xv}v ¹ ~u sqsz�wv "� s � |
s � s � ¨# ¹ wt ¼�sqrv y~qv qw ��v � }v yv}}s}s ~u �t~ r�tv}z ~ �s} }~��}sqstr~}ts
x~ uwqr}w���wvts uw �vqqw� wxwr~ �¹ ~t~xv�~z strs �t~ uwq�w�t�wvts ��v � sqqs}s
}wyvtuvrr~ ~u �t~ r�yvtv}z ~ o |ty�s x~ ts�~�wvts su ~xr}s v� s}~�wvtw �vq�
qvtv sqqs}s wtr}vuvrrs ¹ wt v�tw y~qv qw ��v � usrs}z wt~}s �t~ uwqr}w���wvts uw
� vqqw� wxr~ � � s} v�tw �}v� vqw�vts �}vuvrr~ Ús�str�~xz strs z�xrwuwz stqwt~xsÛ o
�vt �st�vtv ¼�w r}~rr~rs �s}ws �v}z s uw ¼�~trw�y~�wvts v ¼�~xw�y~�wvts ¹ y�s
� v}r~tv ~ �~}w rw�w u w }~�wvt~zstrv ¹ r}~ y�w �tv uw rw� v qwxxv�wqrwyv o

ã ä© �ê �é(éê*) �+**�
�w �vts v}~ wx �}v�xsz ~ uw usrs}z wt~}s x~ uwqr}w���wvts uw �vqqw� wxwr~ � u w �t~
yvtqs��st�~ ¹ ~ �~}rw}s u~ �w� � �}sz sqqs o | xy�ts }s�vxs qvtv xs qs��strw �

• ªÐÈ¿ÒË øÆ ÆÇÊÒÅÙÆ¿ÇÐ � ½ s � | ¹ |
⊂

¨ ¹ ~xxv}~ ½ s � ¨

• ªÐÈ¿ÒË øÆ Ê¿ÇÈÆÅÇÍÆ¿ÇÐ � ½ s � | ¹ ½ s � ¨ ¹ ~xxv}~ ½ s � |
∩

¨

• ªÐÈ¿ÒË øÆ ø ÆÙÈ ÆÅÇÍÆ¿ÇÐ � ½ s � | ¹ ½ s � ¨ ¹ ~xxv}~ ½ s � |
∪

¨

• ªÐÈ¿ÒË øÆ ÇÐÈËÍÆ¿ÇÐ � tvt "½ s � | # ¹ ~xxv}~ ½ s � tvt |

• ªÐÈ¿ÒË øÆ ÄÏ¿ÆÐÍÆ¿ÇÐ � Ú½ ¹� Û qvtv wt }sx~�wvts � ¹ ½ s � ∏
X(R)

Úsu
~zy�s � s � ∏

Y (R)

f þ° þZ ¢ dh_¤j `c c\¯d^d\bj i_® � _­cbc_\j¤d
�~ ÏÐÈ¿ÒË øÆ ÆÇÀÐÏÐÇÍË Ê¿ÃÄ¿ÙÆÍÆ¿ÇËÒÐ s � yvqw � us�twr~ �

X e′ A
(X, Y ) e′ R

Y e′ A ◦ Ruv�s
µA◦R(v) = maxu min(µA, µR(u, v))

BB
¦~xs }s�vx~ ��v � sqqs}s �wqr~ yvz s �t~ yvz�vqwvts usxx~ }s�vx~ uw yvt�

�w�t�wvts s usxx~ }s�vx~ uw �}vws�wvts ¹ s ��v � sqqs}s �sts}~xw��~r~ �rwxw��~tuv
�t~ tv}z ~ ~}�wr~}w~ ~x � vqrv usxx �wtrs}qs�wvts qr~tu~}u o ¦�rr~�w~ s � �rwxs
u~}ts �t �~xr}~ wtrs}�}sr~�wvts ¹ y�s ts s� wust�w x~ qsz ~trwy~ o

�vtqwus}~r~ x~ �}~qs �� � « � � � ¬ �� �õ�� ­ � � 	 £BC s � �vqqw�wxs u~}ts �t~
wtrs}�}sr~�wvts uw rw� v �vqqw� wxwqrwyv o � w� � sq~rr~z strs qw ��v � wtr}vu�}}s

ZZ�K_L ITLWKSOIJL L U KJH^L QKPPK V K®gV OJ HIVTINOPOIJ PWK RJ OJ NOLV L p L RJK WL_KSOIJL
� Z` �J \LJLWK_L _L QRL YKWOKM O_O lRSS� YKWOLWKJJI NR QRL OJNOLV O QONPOJPO X mRO r L ¯ WONT LPgPOYKVLJPL T LW ® L �
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ÒË øÆÙÁÏÆ�ÅÍÆ¿ÇÐ øÆ Ä¿ÙÙÆ� ÆÒÆÁË  Ê¿ÇøÆÍÆÇËÒÐ ∏
Y |X(x, y)

us�tr~ yvzs
�vqqw� wxr~ � y�s ° ~qq�z ~ wx �~xv}s �¹ u~rv y�s � ~qq�z ~ wx �~xv}s ½ o �w ��v �
~ty�s wtr}vu�}}~ x~ ø ÆÙÁÏÆ�ÅÍÆ¿ÇÐ øÆ Ä¿ÙÙÆ� ÆÒÁË Ê¿ÇÈÆÅÇÁË ∏

X,Y (x, y)� s} y�w �~xs ∏
X,Y (x, y) = t(

∏
X(x),

∏
Y |X(x, y))

o
| xxv}~ u~rv �t ~qqs�t~z strv uw �vqqw� wxr~ � ~xx~ �}~qs �� � « � � � ¬ �� �õ��

­ � � 	 £BF su �t ~qqs�t~zstrv uw �vqqw�wxr~ � ~u � u~ �« � � � £ qw ��v � z wq�
�}~}s x~ � vqqw� wxr~ � uw �­ � � 	 £ yvzs z wq�}~ uw �vqqw� wxr~ � usxx~ �}vws�wvts
usxx~ uwqr}w���wvts uw �vqqw� wxr~ � yvt�w�tr~ ∏

X,Y (x, y)
q� ° ¹ v��s}v ∏

(Y ) =
supx∈U t(

∏
x(x),

∏
Y |X(x, y))

oBh�s �}v�}wsr~ � u w r~xs }~�wvt~zstrv uw� stus}~ttv wt �sts}~xs u~xx~ r�tv}z ~
~uvrr~r~ s u~xx~ ∏

Y |X(x, y)
¹ y�s ��v � sqqs}s ustvr~r~ ~ty�s yvz s �t~ ÀÅÇÔ

ÍÆ¿ÇÐ øÆ ÆÃÄÒÆÊÍÆ¿ÇÐ su wtuwy~r~ yvt
X → Y (x, y)

o
�w �}sqstr~tv u�s sqsz �w uw }~�wvt~z strv y�s q�}�rr~tv x �wtrs}qs�wvts

qr~tu~}u yvzs r�tv}z ~ s u�s uw�s}qs ���twvtw uw wz �xwy~�wvts ¹ x �wz�xwy~�wvts
uw � ~tu~tw s x �wz�xwy~�wvts uw �~}qst Bi o

•
�z �xwy~�wvts uw � ~tu~tw

µA→B(u, v) = µA(u) ∩ µB(v)

•
�z �xwy~�wvts uw �~}qst

µA→B(u, v) = µA(u) • µB(v)

�}sz sqq~ s yvtyx�qwvts qvtv }~��}sqstr~rs u~ | � s ¨ �o

A
B

A’

B’

Distrobuzione della possibilta’ di B’ dedotta considerando la premessa A’ e la relzione

tra A e B data dalla Implicazione di Mandani
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A
B

A’

B’

Distrobuzione della possibilta’ di B’ dedotta considerando la premessa A’ e la relzione

tra A e B data dalla Implicazione di Larsen

f þ° þf � _`a­ �_\d\­ ²d\d^j¤cbbj]_
�x ³ õô�� { õñ �ñ� s � x~ }s�vx~ uw wt�s}st�~ �s} syysxxst�~ ¹ sqqs � s}z srrs ¹ u~rs
�� � « � � � �� �õ�� ­ � � 	 £ s � « � � � £¬ uw usu�}}s �­ � � 	 £ o �~ }~��}sqstr~�wvts
usxx~ �}v�vqw�vts �� � « � � � �� �õ�� ­ � � 	 £ tsxx~ xv�wy~ r}~uw�wvt~xs s � �t
�}v�vqw�vts y�s s � �s}~ qsz�}s ¹ ��v}y�s � qs x~x �~trsysustrs s � �s}v s x~ yvt�
qs��st�~ �~xq~ ¹ v��s}v ¹ �sts}~xw��~tuv ¹ wx �~xv}s usxx~ �s}wr~ � usxx �~trsysustrs
s � qsz �}s q��s}wv}s uw ¼�sxxv usxx~ yvtqs��st�~ o

�sts}~xw��~tuvxv ~x y~qv usxx~ xv�wy~ �����¹ qw �~ �t~ }s�vx~ uw usu��wvts
yvqw � � vqr~ ¹ usrr~ ´ ¿øÅÙ Ö¿ÇÐÇÙ ÕÐÇÐÏËÒÆÍÍËÁ¿ Ú�� �Û�

ô� �� � « � � � �� �õ�� ­ � � 	 £ � ô� �« � � � µ£ � ò ô�ô��� �­ � � 	 µ£Bjs qw ��vxs y�s qw~tv qvuuwq�~rrs xs qs��strw �}v�}wsr~ ��
¶ ÖÏ¿ÄÏÆÐÁË  øÆ �ËÙÐ � � �

A∗ ⊆ A
� � µ � � ñõ�� ��ò�� �óõ �� �õ�� 	 µ·	 o

¦~xs �}v}wsr~ � qr~�wxwqys y�s wx �vu�q �vtstq �sts}~xw��~rv yvtrst�~ wx z vu�q
� vtstq yx~qqwyv yvz s y~qv �~}rwyvx~}s o

•
ÖÏ¿ÄÏÆÐÁË  øÆ Ù¿ÄÏËÆÇÙÆÐÃ ÆÁË  � � � � µ

6=
� � � µ ñõñ � � òñ ����õò òñ

� ¬ �� �õ�� 	 µ
⊃

	 o !��s}v qs x~ �}sz sqq~ uw«s}wqys u~xx �~trsysustrs sq�
qstuv wt �~}rs sqrs}t~ ~u sqq~ ¹ x~ uwqr}w���wvts uw �vqqw� wxr~ � usxx~ yvt�
qs��st�~ usuvrr~ s � z ~��wv}s o   w �~rrv �w� � x~ �}sz sqq~ s � u wqr~trs
u~xx �~trsysustrs �w� � ~�zstr~ x �wtusrs}z wt~�wvts usxx~ yvtqs��st�~ us�
uvrr~ ¹ v��s}v ~�zstr~ x~ q�~ uwqr}w���wvts uw � vqqw� wxr~ �¹ y�s ~x xwz �
wrs q~}~ � �~}w qvxv ~ S wt r�rrv x ��tw�s}qv usx uwqyv}qv ¹ qwr�~�wvts�~}w
~xx �wtusrs}z wt~�wvts rvr~xs o

ZqYO L U mRO RJK \LJLWK_OSSKSOIJL WONT LPPI K_ V IQRN TIJLJN X OJ HRO NO WOH^OLQL H^L _K TWLgV LNNK NOK R\RK_L K__ UKJPLHLQLJPL a �L_ V IQRN TIJLJN \LJLWK_OSSKPI TWLV LNNK L KJPLHLQLJPLNKWKJJI TOR U OJ \LJLWK_L WK¸WIJPKPO a
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•
ÖÏ¿ÄÏÆÐÁË  øÆ ÆÇøÐÁÐÏÃ ÆÇËÍÆ¿ÇÐ Á¿ÁËÒÐ � � � � µ � � ñõñ � ¬ ��¡
�õ�� ­ � � � �õñõ� �ò� óõ¹ v��s}v �~}w ~ �t~ uwqr}w���wvts qsz �}s ���~xs
~xx ��twr~ � q� r�rrv x ��tw�s}qv usx uwqyv}qv o

�w ��v � uwzvqr}~}s y�s x~ }s�vx~ uw usu��wvts yvz�vqw�wvt~xs ¹ yvt xs ��t�
�wvtw uw wz �xwy~�wvts uw �~tu~tw v �~}qst ¹ tvt qvuuwq�~ xs yvtuw�wvtw usx
��� o ¦�rr~�w~ wx z vu�q �vtstq �sts}~xw��~rv s � �t y~qv �~}rwyvx~}s usxx~
}s�vx~ uw usu��wvts yvz �vqw�wvt~xs o |u sqz �wv �rwxw��~tuv yvz s r�tv}z ~
x �wtrs}qs�wvts qr~tu~}u ¹ s yvz s ��t�wvts uw wz �xwy~�wvts

µA→B(u, v) = supu∈U {z ∈ [0, 1] | (µA(u), zx~ ��t�wvts uw usu��wvts yvz �vqw�wvt~xs qvuuwq�~ xs �}v�}wsr~ � usx zvu�q � v�
tstq �sts}~xw��~rv s qw �~ �

µB∗(v) ≥ supu∈U (µA∗(u), µA→B(u, v))
¹ yvt x~

��t�wvts uw wz �xwy~�wvts �}wz ~ us�twr~ o
� w� � wt �st~}~xs wx z vu�q �vtstq �sts}~xw��~rv ��v � sqqs}s �wqrv yvz s �t~

��t�wvts
m

¹ y�s qvuuwq�~ xs qs��strw �}v�}wsr~ �¹ }sx~rw�s ~u �t~ ��t�wvts uw
wz�xwy~�wvts

µA→B(u, v)
¹ y�s v}~ wtuwy�s}szv yvzs

I [µA(u), µB(v)]
�

• µB(v) ≥ m (µA(u), I [µA(u), µB(v)])

• m(1, 1) = 1

• m (0, I [µA(u), µB(v)]) = 0

•
qs

µA′(u) ≤ µA(u)
¹ ~xxv}~

m (µA′(u), I [µA(u), µB(v)])≤m (µA(u), I [µA(u), µB(v)])

§t~ ��t�wvts z y�s qvuuuwq�~ r~xw �}v�}wsr~ � � wsts usrr~ ÀÅÇÍÆ¿ÇÐ Ê¹Ð ÈÐÇÔ
ÐÏË ÆÒ Ã¿øÅÙ Ä¿ÇÐÇÙ o | xy�tw }wq� xr~rw yvtqstrvtv uw �~}~trw}ts x �sqwqrst�~

ã äº »éêêì ) í çíçèéð í ëí ïìêè(ìîîì ¼+**�
�x q�ysqqv �w� � �}~tus usw qwqrsz w ����� s � tsxx �~z�wrv usx Ê¿ÇÁÏ¿ÒÒ¿ s usw
ÙÆÙÁÐÃ Æ ÐÙÄÐÏÁÆ ½ ��w qw �rwxw��~tv q� sqqv qwqrsz w uw }~�wvt~z strv ¼�~xw�
r~rw�v ¹ �~q~rw q� �t wtqwsz s uw }s�vxs ¹ y�s tvt qsz �}s qw �~q~tv q�x �vu�q
�vtstq �sts}~xw��~rv ¹ z ~ ~u sqsz�wv �q~tv q� sqqv x~ }s�vx~ uw wt�s}st�~
yvz�vqw�wvt~xs yvt x~ tv}z ~ uw � ~tu~tw v uw �~}qst o

�w �}sqstr~ xv qy�sz ~ uw �t rw�v yv qwqrsz ~ uw yvtr}vxxv ¹ s ~xy�ts usxxs
wqr~t�s wt sqqv yvwt�vxrs o
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output

f þ¾ þZ kabbl¿d^
�� sqqv xs �~}w~�wxw vqqs}�~rs � vr}s��s}v sqqs}s tvt �����¹ ¼�wtuw qw � vts wx
�}v�xsz ~ uw �t~ xv}v yvt�s}qwvts wt rs}z wtw �����o �x � w� � qsz�xwys ÀÅÍÍÎÀÆÔ
ÊËÁ¿ÏÐ yvt�s}rs �t usr}sz wt~rv �~xv}s

x0
wt �t ÌÅÍÍÎ ¾ÆÇÈÒÐÁ¿Ç ¹ v�s}v

�t wtqwsz s ����� x~ y�w ��t�wvts uw ~��~}rstst�~ �~xs S wt
x0

¹ � ~xr}wz strw o
�sw qwqrsz w sq� s}rw q� sqqv x �wt��r s � u w rw� v xwt��wqrwyv s ¼�wtuw �w~ � �����o

f þ¾ þf À d¯abbl¿d^
|t~xv�~zstrs wx }wq� xr~rv uw �t yvtr}vxxv}s ����� Úv uw �t qwqrsz ~ sq� s}rv
����� Û s � ~ q�~ �vxr~ �t �~�wvts �����¹ y�s ¹ q� syws wt �t wz �w~trv uw yvt�
r}vxxv ¹ us�s sqqs}s r}~uvrr~ wt �t �~�wvts twrwu~ o �x øÐÀÅÍÍÆÀÆÊËÁ¿ÏÐ r}~u�ys
x �v�r��r usx yvtr}vxxv}s ¹ }~��}sqstr~rv u~ �t wtqwsz s �����¹ wt �t �~xv}s "tw�
rwuv# o §t sqsz�wv rw�wyv uw z srvuv uw us����w�y~�wvts s � wx �!| Ú�strs} v�
�}~�wr� Û wt y�w x �~�wvts uw yvtr}vxxv s � y~xyvx~r~ yvzs wx �~}wystr}v usxx~ uwq�
r}w���wvts uw �vqqw� wxr~ � }~��}sqstr~trs x �~�wvts uw yvtr}vxxv o wt ~xr}w rs}z wtw ¹

n�



u~rv �t �tw�s}qv usx uwqyv}qv � uwqy}srv ¹ �t �~�wvts uw yvtr}vxxv � ¹ wx �~xv}s
us���wy~rv � µ s � u~rv u~ �

U∗ =

∫
u

µA(u)u∂u∫
u

µA(u)∂u

f þ¾ þ¡ ¢ a¤d �j­d
�~ �ËÙÐ øÐÒÒÐ Ê¿Ç¿ÙÊÐÇÍÐ v �ËÙÐ øÐÒÒÐ ÏÐÈ¿ÒÐ s � }~��}sqstr~r~ u~
�t wtqwsz s uw }s�vxs usxx~ �v}z ~ �

•
� i � �s� s � |

i

s ooo s° s � ¨
i

¹ ~xxv}~ � ý �
i

wt ¼�sqrv y~qv qw s � z vqr}~r~ x~ w�sqwz ~ }s�vx~ uw �t qwqrsz ~ ���! Ú��xrw� xs
�t��r ¹ �wt�xs !�r��rÛ o §t~ �sts}wy~ �~qs uw yvtvqyst�s q~}~ � }~��}sqstr~r~
u~ �t wtqwsz s uw }s�vxs yvttsqqs u~x yvttsrrw�v !� o

f þ¾ þe [\¯d^d\id d\hc\d
�x Ã¿Á¿ÏÐ ÆÇÀÐÏÐÇÍÆËÒÐ �sts}~ �t v�r��r u~�xw wt�}sqqw s yvtq�xr~tuv x~
�~qs usxxs }s�vxs o �}sqstrw~z v r}s rw� wyw z srvuw uw }~�wvt~zstrv �

• ªËÈÆ¿ÇËÃÐÇÁ¿ ÀÅÍÍÎ øÆ ÄÏ ÆÃ¿ ÁÆÄ¿ o �vtqwus}~tuv x~ ��t�wvts
uw wz�xwy~�wvts uw � ~tu~tw v uw �~}qst B~ x~ yvtyx�qwvts � � ��v � sqqs}s
sq�}sqq~ yvzs �

C ′ = (A′∩. . .∩B′)◦[(A1 ∩ . . . ∩ B1 → C1) ∪ . . . ∪ (An ∩ . . . ∩ Bn → Cn)]¹ uv�s
◦
ustvr~ x~ yvz�vqw�wvts z ~½�z wt ¹ �}sysustrsz strs wtr}vuvrr~ o

• ªËÈÆ¿ÇËÃÐÇÁ¿ ÀÅÍÍÎ øÐÒ ÙÐÊ¿Çø¿ ÁÆÄ¿ o¦~xs z srvuv qw �~q~ q�xx �~qq�t�wvts
y�s xs ��t�wvtw uw ~��~}rsts�~ us�xw wtqwsz w

Ci

qw~tv zvtvrvts o  srr~
~xxv}~

αi

x~ À¿ÏÍË øÆ ËÁÁÆØËÍÆ¿ÇÐ usxx~ w�sqwz ~ }s�vx~ ¹ y~xyvx~�wxs
yvz s

αi = min(µAi
(x0), . . . , µBi

(x0))
Úuv�s

µXi
(x0)

wtuwy~ wx �}~uv uw
z ~ry�wt� r}~ w u~rw tsxx~ �~qs uw }s�vxs s w u~rw �v}twrwÛ ¹ qw �~ �t �~�wvts
uw yvtr}vxxv y~xyvx~r~ yvzs

ucontrol = α1u1+...+αnun

α1+...αn

¹ uv�s
ui = µ−1

Ci
(αi)

o
�w tvrw y�s x �~�wvts uw yvtr}vxxv s � t wrwu~ s tvt �����o

• ªËÈÆ¿ÇËÃÐÇÁ¿ ÀÅÍÍÎ øÐÒ ÁÐÏÍ¿ ÁÆÄ¿ ½  s�twr~ x~ �v}�~ uw ~r�
rw�~�wv s usxx~ w�sqwz ~ }s�vx~ yvz s ~x ��trv �}sysustrs ¹ s yvtuwus}~rs
}s�vxs usxx~ �v}z ~ � � i � �s ½ s � |

i

s ooo s � s � ¨
i

¹ ~xxv}~ � ý
fi(x, y)

¹ ~xxv}~
x �~�wvts uw yvtr}vxxv s � u~r~ u~ �

ucontrol = α1f1(x0,...,y0)+...+αnfn(x0,...,y0)
α1+...+αn

o �w
tvrw y�s wt ¼�sqrv y~qv ts � x �wt��r ts � x �v�r��r qvtv �����o

Z� mRKJPI NL\RL JIJ L U YLWI T LW PRPPO O P OT O QO OVT_OHKSOIJL X OJ TKWPOHI_KWL TLW K_HRJO QOLNNO O_ WRI_I QO HIJ\ORJSOIJL LQ QON\ORJSOIJL L U OJYLWPOPI

n�



Á Â XW¸ Ã X¶´à Ä¸

�s ÏÐÁÆ ÇÐÅÏËÒÆ qvtv �t qwqrsz ~ uw r}~rr~z strv usxx �wt�v}z ~�wvts yvqr}�wrv
�~ystuv �qv uw ~xy�tw �}wtyw� w v}�~tw��~rw� w rw�wyw usx ys}�sxxv �z ~tv o pqqs
qvtv yvz�vqrs u~ �t ~xrv t�z s}v uw qsz �xwyw �twr~ � u w sx~�v}~�wvts yvxxs�~rw
wtqwsz s su v� s}~trw wt �~}~xxsxv ¹ su wx xv}v yvz�v}r~zstrv yvxxsrrw�v z vqr}~
x~ y~� ywr~ � uw ~��}stus}s ¹ }wyv}u~}s s �sts}~xw��~}s u~ �t wtqwsz s uw øËÁÆ ø Æ
ËøøÐÙÁÏËÃÐÇÁ¿ o

 ~ tvr~}s y�s xs }srw ts�}~xw qvtv zvxrw �rwxw wt y~z�w wt y�w s � z vxrv
~�wxs x ��vzv Ú~u sqsz�wv tsx �~rrs}t z ~ry�wt�Û ¹ z str}s tvt qvtv wtuwy~rs
� s} yvz ��r~�wvtw }w�v}vqs su ~x�v}wrz wy�s Úuv�s ~ty�s x~ z strs �z ~t~ �~
uw» yvxr~ �Û o

§t~ }srs ts�}~xs s � yvqrwr� wr~ u~ �t wtqwsz s uw sxsz strw ¹ usrrw ÇÐÅÏ¿ÇÆ¹
v�t�tv usw ¼�~xw }wys�s �w� � wt��rq Úu~�xw wt�}sqqw v u~ ~xr}w ts�}vtwÛ s ¹ � s�
q~tuvxw ¹ xw yvz�wt~ wt �t �~xv}s y�s ¹ �~qq~tuv ~rr}~�s}qv �t sxsz strv tvt
xwts~}s ¹ usrs}z wt~ x �v�r��r usxx �sxsz strv ¹ y�s ~ q�~ �vxr~ ��v � sqqs}s x �wt��r
uw ~xr}w ts�}vtw v sqqs}s x ��qywr~B� o

� � sqw yvt y�w �st�vtv z wq�}~rw �xw wt�}sqqw Ú�tv �s} v�tw yvttsqqwvts u~ �t
ts�}vts ~u �t ~xr}vÛ �st�vtv �~}w~rw ¹ q� xx~ �~qs usw u~rw �v}twrw ¹ �tr~trv y�s x~
}srs tvt "y~xyvx~# x~ ��t�wvts usqwus}~r~ o � �~x�v}wrz v yvt y�w � wsts s«srr�~rv
x �~us��~zstrv usw � sqw �}stus wx tvzs uw ÏÐÈ¿ÒË øÆ ËÄÄÏÐÇøÆÃÐÇÁ¿ o

� �wt�v}z ~�wvts ~��}sq~ u~xx~ }srs }wqwsus ¼�wtuw tsw � sqw usxxs yvttsqqwvtw ¹
r~xs ÆÇÀ¿ÏÃËÍÆ¿ÇÐ s � ø ÆÙÁÏÆ�ÅÆÁË ¹ v��s}v x~ q�~ }~��}sqstr~�wvts s � q�~}q~
tsw � sqw usxx~ }srs ¹ wt zvuv r~xs y�s x~ q�~ v}�~tw��~�wvts uw� stu~ u~xx~ }srs
qrsqq~ ¹ s tvt qw~ �v}twr~ u~xx �sqrs}tv o

�s} ¼�sqrs y~}~rrs}wqrwy�s yw qw }w�s}wqys ~xxs }srw ts�}~xw yvz s ~u �t ÙÆÙÔ
ÁÐÃË ÙÅ�ÙÆÃ�¿ÒÆÊ¿ uw r}~rr~z strv usxx~ yvtvqyst�~ o pqq~ wt�~rrw sx~�v}~
�~xv}w t�z s}wyw ~t�wy�s � qwz�vxw ¹ s wz z ~�~��wt~ xs wt�v}z ~�wvtw wt z vuv us�
qr}�rr�}~rv s tvt � s}ys�w�wxs u~xx �sqrs}tv usxx~ }srs oC�

s äå æ îéð éêéêèí ï)()èèé( íçèíïí ëéîîé (éèí êé+() îí
§t~ }srs ts�}~xs s � y~}~rrs}w��~r~ u~ r}s sxsz strw � wx z vusxxv uw ts�}vts
�rwxw��~rvC A ¹ x~ rv�vxv�w~ usxx~ }srs ¹ x~ }s�vx~ uw ~��}stuwz strv o   w qs��wrv
�s}}~ttv �}sqstr~rs ¼�sqrs r}s strwr~ �o

Z��K_L IT LWKSOIJL TRI U HIVTIWPKWL I V LJI RJ WOPKWQI PLVTIWK_L`�[LW OJHONI RJK KTT_OHKSOIJL VI_PI lWLmRLJPL QL__L WLPO JLRWK_O L U mRL__K QO VIQL__O M _KHÅMI® TLW NONPLV O JIJ _OJLKWO a`G[ OR U QO RJ VIQL__I QO JLRWIJL TRI U LNNLWL RPO_OSSKPI K__ UOJPLWJI QO RJK NPLNNK WLPL

n�



¡ þZþZ [¤ \da^_\d
§t z vusxxv �~qs uw ts�}vts s � wx ÇÐÅÏ¿ÇÐ ´ Ö o �~ q�~ qr}�rr�}~ s � zvqr}~r~
tsx qs��strs �}~�v �

I-esimo elelmento di elaborazione

Usicta y

Diramaziojni dell’usicta

possibili inputs 

a piu’ neuroni

input 1

iuput 2

input n

peso connessione 1

peso connessione 2

peso connessione n

f() a()

yvtqwus}~tuv �t }wr~}uv rsz�v}~xs r~xs sxsz strv w�sqwz v ¹ u~rw �xw wt��rq
x1, x2, . . . , xn

s usrrw
win

wx �sts}wyv � sqv ~qqv yw~rv ~xx~ t�sqwz ~ yvttsqqwvts
usxx�wsqwz v sxsz strv ¹ y~xyvx~ x~ ��t�wvts �

yi(t + 1) = a
(∑n

j=1 wijxj(t) − θi

) ¹ uv�s x~ ��t�wvts ~ ÚÛ s � us�twr~ yvzs �

a(f) =

{
1 ⇔ f ≥ 0
0 ⇔ f < 0�t r~xs ts�}vts qw ��v � uwqrwt��s}s �t~ �}wz ~ �~}rs ¹ xwts~}s ¹ y�s yvz�wt~

�xw wt��rq ~ qsyvtu~ usw � sqw usxxs yv}}wq�vtustrw yvttsqqwvtw Úwx �}vuvrrv uw
r~xs �}wz ~ v� s}~�wvts �}stus wx tvz s uw ÇÐÁÔÆÇÄÅÁ ¹ v Ö¿ÁÐÇÍÆËÒÐ øÆ ËÁÁÆÔ
ØËÍÆ¿ÇÐ Æ � s �t~ qsyvtu~ �~}rs ¹ tvt xwts~}s Úwt ¼�sqrv y~qv �tv qy~xwtvÛ ¹y�s
~rrw�~ wx qs�t~xs uw �qywr~ qvxv qs wx tsr�wt��r q��s}~ �t~ usrs}z wt~r~ qv�xw~
uw ~rrw�~�wvts Úr~xs �~}rs �}stus wx tvzs uw ÀÅÇÍÆ¿ÇÐ øÆ ËÁÁÆØËÍÆ¿ÇÐ v
ÀÅÇÍÆ¿ÇÐ øÆ ÁÏËÙÀÐÏÆÃÐÇÁ¿Û o

�~ qr}�rr�}~ usx ts�}vts � � s � z ~trst�r~ u~ r�rrw w rw� w u w ts�}vts ¹ y�s
� vqqvtv sqqs}s vrrst�rw �~}w~tuv xs ��t�wvtw y~}~rrs}wqrwy�s usxx~ �}wz ~ s usxx~
qsyvtu~ �~}rs o

| xy�ts uw«�qs ��t�wvtw � s} wx y~xyvxv usx tsr�wt��r qvtv �

•
�vz�wt~�wvts xwts~}s �

fi =
∑n

j=1 wijxj − ϑiCB
`Z

ϑi

TRI U LNNLWL HIJNOQLWKPI HIV L RJ R_PLWOIWL TLNI KNNI HOKPI KQ OJ\WLNNI HINPKJPL TKWO Kg fa �K_L HIJNOQLWKSOIJL HIJNLJPL QO PWKPPKWL OJ VIQI RJOlIWV L PRPPO O TKWKV LPWO QL__K WLPL a[LW PK_L WK\OIJL Q UIWK OJ TIO O_ YK_IWL QO PK_L TLWKV LPWI JIJ NKWK U TOR U TWLNI OJ HIJNOQLWgKSOIJL X OJ TKWPOHI_KWL TLW \_O K_\IWOPV O QO KTTWLJQOV LJPI a �O JIPO H^L PK_L KTTWINNOV KSOIJLL U KJH^L OJ YKWOI VIQI \LJLWK_OSSKM O_L K__L K_PWL lRJSOIJ O QO JLPgOJTRP
��



•
��t�wvts ¼�~u}~rwy~ �

fi =
∑n

j=1 wijx
2
j − ϑi

•
��t�wvts �vxwtvz ~xs �

fi =
∑n

j=1

∑n
k=1 wijkxjxk + x

αj

j + xαk

k − ϑi

¦w�wy�s ��t�wvtw uw r}~q�s}wz strv �rwxw��~rs qvtv xs qs��strwCC �

•
��t�wvts ~ qy~xwtv �

a(f) =

{
1 ⇔ f ≥ 0
0 ⇔ f < 0

•
��t�wvts uw qv�xw~ �

a(f) =

{
1 ⇔ f ≥ 0
−1 ⇔ f < 0

•
��t�wvts uw }~z�~ �

a(f) =






1 ⇔ f > 1
f ⇔ 0 ≤≤ 1
0 ⇔ f < 0

•
�w�z vwus �tw�vx~}s �

a(f) = 1
1+e−λf

•
�w�z vwus �w�vx~}s �

a(f) = 1
1+e−λf − 1

¹
λ > 0

usrs}z stwt~ ¼�~trv
qw~ }w� wu~ x~ qw�zvwu~ ¹ ~xx �wt�twrv sqq~ yvwtywus yvt xv qy~xwtv Úv yvt x~
qv�xw~ ¹ ~ qsyvtu~ y�s qw~ �tw�vx~}s v �w� vx~}sÛ o

� ts�}vtw �w� � �}s¼�strsz strs �rwxw��~rw qvtv É� 8 ÚÒÆÇÐËÏ Á¹ÏÐÙ¹¿Òø
ÅÇÆÁÛ y�s yvz�wt~ xwts}~z strs �xw wt��rq s q�}�rr~ �t~ ��t�wvts uw r}~q�s}w�
z strv ~ qv�xw~ v ~ qy~xwtv ¹ s wx ÉÕ8 ÚÒÆÇÐËÏ ÈÏËøÐø ÅÇÆÁÛ y�s �~ x~ qrsqq~
�}wz ~ �~}rs s �t~ ��t�wvts uw r}~q�s}wz strv ~ qw�zvwus o

¡ þZþf Ç_� _¤_hcj
�s }srw ts�}~xw qvtv yvqrwr� wrs u~ ts�}vtw �v}rsz strs wtrs}yvttsqqw ¹ wt y�w
�xw v�r��r uw ~xy�tw ��t�vtv u~ wt��rq ~u ~xr}w Úyvt ��t�wvts syywr~trs v
wtw�wrv}w~CFÛ o p � �vtu~z str~xs � s} �t~ }srs q� syw�y~}s yvzs r~xw yvttsqqwvtw
qvtv uwq�vqrs ¹ tvty�s � x~ ��t�wvts usw �~}w ts�}vtwCh o �s �}wtyw�~xw rv�vxv�ws
�rwxw��~rs qvtv xs qs��strw �

•
¾ÆÇÈÒÐ ÒËÎÐÏ ÀÐÐøÀ¿ÏÈËÏø ÇÐÁÈ¿Ï% o � w� � ts�}vtw �st�vtv ~» �
~ty~rw wt �~}~xxsxv ¹ v� s}~tuv q��xw qrsqqw wt��r o

``JIJ YLJ\IJI mRO HIJNOQLWKPL _L WLPO K NOVVLPWOK WKQOK_L`b QO lKPPI _ URNHOPK QO RJ JLRWIJL ^K lRJSOIJL OJ OMOPIWOK NR RJK _KPWI JLRWIJL mRKJQI _KHIJJLNNOIJL lWK O_ TWOVI L O_ NLHIJQI ^K RJ TLNI JL\KPOYI`kÉRO NO PWKNHLJQL QK__K QOV LJNOIJL QL_ PLVTI X LYLJPRK_V LJPL NIJI QK NTLHO]HKWNO KJH^LLYLJPRK_O WOPKWQO a
�S



Single layer feedforward network

•
´ ÅÒÁÆ ÉËÎÐÏ ÀÐÐøÀ¿ÏÈËÏø ÇÐÁÈ¿Ï% o � w� � }srw qwt�xs x~�s} qvtv
yvttsqqs wt y~qy~r~ o �x �}wzv qr}~rv �}stus wx tvz s uw ÆÇÄÅÁ ÒËÎÐÏ ¹
x �� xrwz v uw ¿ÅÁÄÅÁ ÒËÎÐÏ ¹ �xw qr}~rw wtrs}z suw uw ¹ ÆøøÐÇ ÒËÎÐÏ o §t~
}srs qw uwys Á¿ÁËÒÃÐÇÁÐ Ê¿ÇÇÐÙÙË qs v�tw v�r��r uw r~xs qr}~rv s �
yvttsqqv ~u v�tw wt��r usxxv qr}~rv q�yysqqw�v o

Multi layer feedforward network

input layer

hidden layer(s)

output layer

�n



•
ÌÐÐø�ËÊ% ÇÐÁÈ¿Ï% o �s rv�vxv�ws �}sysustrw qvtv usrrs �ssu�v}©~}u
� s}y�s � v�tw xw�sxxv ��t�s u~ wt��r ~ xw�sxxw qwyysqqw� w o ��~xv}~ xs �qywrs
uw �t xw�sxxv � vqq~tv sqqs}s wt�}sqqw � s} ts�}vtw uw xw�sxxw �}sysustrw qw
�~}x~ uw �ssu�~y¬ tsr©v}¬q o

•
ÉËÁÐÏËÒ ÀÐÐø�ËÊ% ÇÐÁÈ¿Ï% o �w r}~rr~ uw �ssu�~y¬ tsr©v}¬q wt y�w
�xw v�r��r uw �t xw�sxxv ��t�vtv u~ wt��r ~ ts�}vtw usxxv qrsqqv xw�sxxv o

• ªÐÊÅÏÏÐÇÁ ÇÐÁÈ¿Ï%Ù o �w r}~rr~ uw �ssu�~y¬ tsr©v}¬q y�s �}sqst�
r~tv ~tsxxw y�w�qw o

Multi layer recurrent network

��



¡ þZþ¡ ¢ dh_¤j `c j��^d\`c® d\]_
�s} �t~ }srs ts�}~xs qvtv �vqqw� wxw u�s rw� w u w ~��}stuwz strv � ËÄÄÏÐÇøÆÔ
ÃÐÇÁ¿ øÐÆ ÄËÏËÃÐÁÏÆ s ËÄÄÏÐÇøÆÃÐÇÁ¿ øÐÒÒË ÙÁÏÅÁÁÅÏË Ci Úx �� xrwz v
usw ¼�~xw tvt �s}}~ � ¼�w r}~rr~rvÛ o � �~��}stuwz strv usw �~}~zsr}w yvtqwqrs
sqqst�w~xz strs tsxx �~��}stuwz strv usw � sqw usxxs yvttsqqwvtw ¹ y�s ¹ �~}rstuv
u~ �t~ yvtuw�wts wt w�w~xs ¹ �st�vtv ~��wv}t~rw wt �~qs ~�xw sqsz �w �}sqstr~rw o
�w � vqqvtv uwqrwt��s}s r}s rw� w u w ~��}stuwz strv �

•
Ó ÄÄÏÐÇøÆÃÐÇÁ¿ ÙÅÄÐÏØ ÆÙÆ¿ÇËÁ¿ o �vtv �}sqstrw yvz s sqsz�w u~rw
u w wt��r s u~rw u w v�r��r ¹ ¼�wtuw s � � vqqw�wxs qr~�wxw}s ~u v�tw sqsz �wv v
wrs}~�wvts Úq� sqqv wt�~rrw x~ �}sqstr~�wvts us�xw sqsz�w s x �~��xwy~�wvts
usxx~ }s�vx~ uw ~��}stuwz strv ~��st�vtv wrs}~rw�~z strsÛ �t qs�t~xs uw
s}}v}s o ¦~xs rw� v uw ~��}stuwz strv �wsts ~ty�s usrrv ~��}stuwz strv
yvt wtqs�t~trs o

Rete
Neurale

Input Output

Output desiderato
Generatore del

segnale di errore

segnale di

errore

APPRENDIMENTO SUPERVISIONATO

•
Ó ÄÄÏÐÇøÆÃÐÇÁ¿ Ë ÏËÀÀ¿ÏÍËÃÐÇÁ¿ o �vt s � �}sqstrs x �v�r��r usqwus}�
~rv ¹ z ~ qvxv �t~ y}wrwy~ usxx �v�r��r �}vuvrrv Ú~u sqsz �wv usx rw� v �vq�
wrw�v��s�~rw�vÛ ¹ ¼�wtuw wx qs�t~xs uw s}}v}s �}vuvrrv �~ �t yvtrst�rv
�w� � us�vxs }wq� srrv ~x y~qv usxx �~��}stuwz strv q�� s}�wqwvt~rv Úr�rr~�w~
wt ~z�su�s w y~qw s � �}sqstrs �t �ssu�~y¬Û o � wsts ~ty�s usrrv ~��}stuw�
z strv yvt y}wrwy~ o

`o[LW _ UKTTWLJQOV LJPI NPWRPPRWK_L YLJ\IJI NTLNNI RPO_OSSKPL PLHJOH^L LYI_RPOYL mRK_O \_OK_\IWOPV O \LJLPOHO I _K TWI\WKVVKSOIJL LYI_RPOYK
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Rete
Neurale

Input Output

Generatore del

segnale di critica

Segnale di 
critica

Segnale di 
rinforzamneto

APPRENDIMENTO

A RAFFORZAMENTO

•
Ó ÄÄÏÐÇøÆÃÐÇÁ¿ Ç¿Ç ÙÅÄÐÏØ ÆÙÆ¿ÇËÁ¿ o �vtv �}sqstrw qvxv u~rw wt
wt��r ¹ su s � x~ }srs qrsqq~ ~ uv�s} r}v�~}s }sx~�wvtw r}~ ¼�sqrw Úqy�sz w ¹
}sx~�wvtw ¹ }s�xv}~wr~ �¹ sry oÛ o §t rw�wyv sqsz�wv s � x~ yx~qqw�y~�wvts uw
v��srrw ¹ qst�~ qr~�wxw}s ~ �}wv}w xs yx~qqw o  �}~trs ¼�sqrv ~��}stuwz strv
x~ }srs z�r~ w �}v�}w � sqw wt �t �}v ysqqv usrrv ÓÅÁ¿ ¿ÏÈËÇÆÍÍËÍÆ¿ÇÐ o

Rete
Neurale

Input Output

APPRENDIMENTO

NON SUPERVISIONATO

��



s äã Ê ê) çéð ' îíïé (éèé ä
�~ �w� � qsz �xwys }srs y�s qw ��v � � stq~}s s � yvqrwr� wr~ u~ �t qvxv ts�}vtxs
�¦§ ¹ ~�strs yvz s ��t�wvts uw r}~q�s}wz strv xv qy~xwtv ¹ s yvz s tsr�wt��r �t~
yvz�wt~�wvts xwts}~}s us�xw wt�}sqqw o ¦~xs }srs �sts usrr~ ÖÐÏÊÐÄÁÏ¿ÇÐ su
wx q�v v�r��r s ��

o =

{
1 ⇔

∑n
i=1 wixi − ϑ ≥ 0

0 ⇔
∑n

i=1 wixi − ϑ < 0

uv�s
x1, . . . , xn

qvtv �xw t�wt��r ¹
w1, . . . , wn

w
yv}}wq� vtustrw � sqw s

ϑ
x~ qv�xw~ uw ~rrw�~�wvts o �t qvqr~t�~ r~xs }srs qs�~}~

xwts}~z strs xv q�~�wv wt u�s qvrrvq�~�w o |u sqsz�wv � s} �t wt�}sqqv �wuw�
z stqwvt~xs qw ��v � �sus}s yvz s x �v�r��r usxx~ }srs qw~ S qs x �wt��r qw r}v�~ wt
�tv usw u�s qvrrvq�~�w ¹ � tsxx �~xr}v y~qv o � u�s q�~�w }wq�xr~tv q�uuw�wqw u~ �
x1w1 + x2w2 − θ = 0

¹ �~}w~tuv w � sqw usxxs yvttsqqwvtw qw ��v � ~xxv}~ �~}w~}s
x �wtyxwt~�wvts usxx~ }srr~ ¹ z str}s �~}w~tuv

ϑ
qw s«srr�~ �t~ q�~ r}~qx~�wvts o

 �}~trs x~ �~qs uw ~��}stuwz strv �t � s}ys�r}vts ��v � ¼�wtuw ~��}stus}s
yvzs �~}rw�wvt~}s xwts~}z strs xv q�~�wv ~ qsyvtu~ us�xw wt��r �}sqstr~rw Úqw
�~}x~ ~ty�s uw ÏÐÁÐ Ë ÙÐÄËÏËÍÆ¿ÇÐ ÒÆÇÐËÏÐÛo !�� w~z strs tvt r�rrrw �xw
wt��r qvtv xwt~}sz strs qs�~}~�wxw ¹ yvz s zvqr}~ wx qs��strs �}~�v wt y�w w u~rw
�}sqstr~rw qvtv uw�wqw wt u�s �}���w ¹ | s

A
¹ x~ y�w uwqrwt�wvts s � ¼�~trv ��v �

~��}stus}s x~ }srs o

A

non A

A
non A

A

non Ax1

x2

x1

x2

funzione lineare

funzione non lineare

�s} wtywqv qw tvrw y�s �t~ r~xs }srs ��v � ~��}stu}s �xw v� s}~rv}w |�  s
!� ¹ z ~ tvt x �v� s}~rvrs �!� o �~r�}~xz strs �t~ ��t�wvts tvt xwts~}s ��v �
~tyv}~ �~}rw�vvt~}s ~us��~r~zstrs xv q�~�wv Úyvz s ~ty�s �t~ }srs z�xrw�
x~�s}Û o

�{



¡ þf þZ ö ��^d\`c® d\]_ � d^ a\ � d^id�]^_\d
�~ }s�vx~ uw ~��}stuwz strv �~qs � s} �t �s}ys�r}vts s � x~ qs��strsCj �

S o �}sqstr~�wvtw uw �t wtqwsz s �t wt��r u~xx �wtqwsz s usw u~rw uw ~uusqr}~z �
tsrv �

x1, . . . , xn

¹
o

n o �~xyvxv usx �vrst�ww~xs uw ~rrw�~�wvts
P =

∑n
i=1 wixi

� o �~xyvxv usxx �v���r �
o =

{
1 ⇔ P ≥ 0
0 ⇔ P < 0

� o �s
o = o

rv}t~}s ~x ��trv S¹ ~xr}wz strw ~��wv}t~}s x~ qrwz ~ usw � sqw o
su sqsrr~z strs qs

o < o
Úw os o�

o = 0
s

o = 1
Û uwz wt�w}s w � sqw u w

∆wi = −ηxi

Úwt qstqv ~x�s�}wyv ¹ v��s}v qvzz ~}sÛ ¹ qs
o > o

Úw os o�
o = 1s

o = 0
Û~�zstr~}s w � sqw u w

∆wi = ηxi

o
η

�}stus wx tvz s uw ÒÐËÏÇÆÇÈ
ÏËÁÐ v ÁËÙÙ¿ øÆ ËÄÄÏÐÇøÆÃÐÇÁ¿ ½

� �~x�v}wrzv ¹ qs x~ qvx��wvts sqwqrs ¹ � w yvt�s}�s uv�v �t t�zs}v �twrv uw
sqsz �w o

¦~xs }s�vx~ uw ~��}stuwz strv usw � sqw ��v � sqqs}s yvqw � q� ws�~r~ o �w yvt�
qwus}w wx y~qv wt y�w x �v�r��r usqwus}~rv s � S s x �v�r��r �}vuvrrv s � � o | xxv}~ qw
��v � � stq~}s y�s wx � vrst�w~xs uw ~rrw�~�wvts �sts}~rv u~xx �wt��r wt sq~z s qw~
r}v��v �~qqv ¹ s ¼�wtuw vyyv}}s wty}sz str~}s wx �~xv}s ¹ uw yvtqs��st�~ w � sqw o

§t~ �wqwvts �svz sr}wy~ y�w~}wqys z s�xwv � s}y�s � �st�~ qysxrv �t qwz wxs
wty}sz strv usw � sqw o �x � vrst�w~xs uw ~rrw�~�wvts ¹ � s} yvzs s � us�twrv ¹ s � u~rv
u~x �}vuvrrv qy~x~}s r}~ wx �srrv}s usw � sqw s wx �srrv}s usw u~rw u w sqsz�wv Úwx
�srrv}s usw � sqw s � ~ q�~ �vxr~ � s}� stuwyvx~}s ~xx �w� s}�w~tv uw qs�~}~�wvtsÛ o
�tvxr}s ¹ tvt yvtqwus}~tuv

θ
¹ r�rrw w �srrv}w wt �wv yv �~ttv v}w�wts tsxx �v}w�wts o

�ty}sz str~}s w � sqw u w
∆wi = ±ηxi

s¼��~xs ~ }�vr~}s wx �srrv}s usw � sqw Ús
x �w� s}�w~tv uw qs�~}~�wvtsÛ tsxx~ uw}s�wvts usw u~rw wt sq~z s o

`q�IJ NO lK WOlWOV LJPI K_ TKWKVLPWI
θ

OJ mRKJPI mRLNPI L U KNNOV O_OM O_L KQ RJ TLNI X O_ HROHIWWONTLPPOYI OJTRP NOK lIWKSKPI K g fX HIV L TWLHLQLJPLV LJPL KHHLJJKPI
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Separatore lineare corrente

Area in cui il prodotto scalare e’ positivo,

e che quinid genera 1 (corrispondente

ai dati che si vuole riconscere)

Dati non classificati 
correttamente

prodotto scalare P <0

vettore dei pesi corrente

dato
di test corrente

da classificare in P>0
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Area in cui il prodotto scalare e’ positivo,

e che quinid genera 1 (corrispondente

ai dati che si vuole riconscere)

Separatore

lineare corrente

nuovo
vettore

dei
pesi

dati 
correttamente

classificati

s äs � é,ìî) ëí )''(éêëíð éêèì ëí Ë íë(ìÌ vÍ ìÎ ÏÐ
�w� � � s}ys�r}vtw � vqqvtv sqqs}s �~}~xxsxw��~rw wt �t~ yvt���}~�wvts qwt�xs�
x~�s} o �t ¼�sqrv zvuv v�t�tv uw sqqw ��v � sqqs}s wqr}�wrv ~ }wtvqys}s �t~
�~}rwyvx~}s �v}z ~ xwts~}s ¹ s x �wtrs}~ }srs ��v � }wtvqys}s �w� � �v}z s xwts~}w ¹
�~}w ~x t�z s}v uw ts�}vtw �rwxw��~rw o

�w~ u~r~ �t~ }srs qwt�xs x~�s} �ssu�v}©~}u ¹ �v}z ~r~ u~ z ��§ Úv ~xr}w
ts�}vtw yvt ��t�wvts uw tsr�wt��r xwts~}s s ��t�wvts uw ~rrw�~�wts uw«s}st�w~�
�wxsÛ ¹ v�t�tv ~�strs t wt��rq o �w wtuwy�w yvt

wij

wx � sqv usxx~ yvttsqqwvts r}~
`��K TWLNLJPKSOIJL QO mRLNPK WL\I_K L U RPO_L OJPWIQRSOIJL K__ UK_\IWOPV I QO �KHÅg[WI\KPOIJ

X H^L L U _K lRSJOIJL QO KQQLNPWKVLJPI TLW _L WLPO VR_PO _K�LW lLLQlIWdKWQ X H^L \IQIJI QL__KTWITWOLPK U QO KTWINNOV KSOIJL RJOYLWNK_L a �J NL mRNPL WLPO n N�J\_L _K�LW lLLQlIWdKWQ NIJIOJPLWV LQOL X MKNPLWLMML RJK HIVMOJKSOIJL _OJLKWL QL__L _IWI RNHOPL �L mROJQO RJ R_WLWOIW
Ñ NPWKPIÒ T LW \KWKJPOWL KJH^L K mRLNPL PK_L TWITWOLPK Ua
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x �wt��r w s wx ts�}vts Ó ¹ wtvxr}s qw~ v�tw qwt�vxv u~rv uw sqsz �wv tsxx~ �v}z ~
x1, . . . , xn

¹
o1, . . . , omC� o

� �~x�v}wrz v uw ¨ wu}v©�ªv« s � �t ÃÐÁ¿ø¿ Ë Ã ÆÇ ÆÃËÍÍÆ¿ÇÐ øÐÒÒ ÐÏÏ¿ÏÐ
øÆ ÄÏÐøÆÍÆ¿ÇÐ o |u v�tw �}sqstr~�wvts usw u~rw uw wt��r ¹ � wsts y~xyvx~rv
x �v�r��r

o1, . . . , on

s ¼�sqrv �wsts yvt�}vtr~rv yvt x �v�r��r usqwus}~rv � s}
�sts}~}s �t~ ÊÆÀÏË øÆ ÃÐÏÆÁ¿ o §t~ rw� wy~ qysxr~ s � x  ÐÏÏ¿ÏÐ zÅËøÏËÁÆÊ¿
ÃÐøÆ¿

E = 1
2

∑m
j=1 (oj − oj)

2 o
� �~x�v}rwz v �}v ysus wrs}~rw�~z strs q� vqr~tuvqw tsxx~ uw}s�wvts uw z ~��

�wv} usy}sqywr~ uw
E

¹ v��s}v wt uw}~�wvts v��vqr~ ~x q�v �}~uwstrs o |u v�tw
wrs}~�vts ¼�wtuw qw y~xyvx~ wx �}~uwstrs usxx �s}}v}s yv}}strs wt ��t�wvts usw
� sqw ¹ ¼�wtuw yw qw z�v�s tsxx~ uw}s�wvts v��vqr~ ~x �}~uwstrs Úuw �t~ ¼�~trwr~ �
�~}w ~x xs~}twt� }~rsÛ o

¦~xs ~x�v}wrz v ��v � sqqs}s yvqw � sq�vqrv �
So �}sqstr~�wvts uw �t wt��r �

x1, . . . , xn

¹
o1, . . . , om

n o y~xyvxv us�xw v�r��r yv}}qw� vtustrw
o1, . . . , on

¹ uv�s
oj = a(Pj(x1, . . . , xn)¹ sqqstuv

a()
x~ ��t�wvts uw ~rrw�~�wvts s

P =
∑n

i=1 wijxi

x~ ���twvts uw
� vrst�w~xs uw ~rrw�~�wvts o

� o y~xyvxv usxx �s}}v}s ¼�~u}~rwyv z suwv
E = 1

2

∑m
j=1 (oj − oj)

2 o
� o y~xyvxv usxx~ �~}w~�wvts

∆wij = wij(t+1)−wij(t) = −η ∂E
∂wij

¹ yvt
η

r~qqv
uw ~��}stuwz strv ¹ qvxwr~z strs yvz t�}sqv r}~ � s SF� o

� o � wrv}tv ~x ��trv S¹ �ty�s � x �s}}v}s tvt }wq�xr~ wt�s}wv}s ~u �t z wtwzv
qr~�wxwrvF A o

| xy�ts yvtqwus}~�wvtw q�xx �~x�v}wrzv �}sqstr~rv �

•
� �~x�v}wrzv yvqw � �}sqstr~rv s � usrrv ¿ÇÔÒÆÇÐ ¹ � s}y�s � � wsts ~��xwy~rv
z ~tv ~ z ~tv y�s �xw sqsz �w �st�vtv �}sqstr~rw o | }w�v}s r�rr~�w~
x �s}}v}s uw �}suw�wvts �~ y~xyvx~rv q�xx �wtrs}v xvrrv ¹ ¼�wtuw ~x rs}z wts
usxx~ �}sqstr~�wvts us�xw sqsz �w v yyv}}s sqs��w}s x �v� s}~�wvts uw yv}�
}s�wvts usw � sqw ¹ s uw qs��wrv qw ��v � }w� srs}s �w� � �vxrs x �wtrs}v �}v�
ysuwz strv o ��sqr~ qsyvtu~ zvu~xwr~ � u w ~��xwy~}s x �~x�v}wrzv s � usrr~
�ËÁÊ¹ o ¦�rr~� w~ x~ �s}qwvts vt�xwts s � ¼�sxx~ ~z �w~zstrs �w� � �q~r~ o

`� �O PWKPPK QO RJ POTI QO KTTWLJQOV LJPI NRTLWYONOIJKPI X T LWPKJPI QIYWKJJI LNNLWL lIWJOPONOK \_O OJTRPN X H^L \_O IRPTRPN QLNOQLWKPO ab� �O JIPO H^L mRO O_ PLVTI KYKJSK HIJ _ UOPLWKWL QL__ UK_\IWOPV IbG� UOJPLWI TWI HLQOV LJPI TRI U LNNLWL WOT LPRPI TOR U YI_PL X L I\JO WOTWLNLJPKSOIJL QL_ _IPPIQO QKPO X OJNOLV L K_ WL_KPOYI KTTWLJQOV LJPI X YOLJL QLJIV OJKPI ÔÕÖ×Ø

��



•
�x �~xv}s usxx �~��wv}t~zstrv

∆wij = −η ∂E
∂wij

s � �~}w ~
∆wij = −ηDjxiyvt

Dj = (oj − oj)a
′(Pj)

¹ �t�~rrw ∂E
∂wij

= (oj − oj)
∂oj

∂wij

¹ ∂oj

∂wij
=

∂oj

∂Pj

∂Pj

∂wij
=

a′(P )xi

oFB

•
�x �~xv}s usxx �~��wv}t~zstrv ¹ tsx y~qv x~ ��t�wvts uw ~rrw�~�wvts qw~ xwt�
s~}s ¹ u w�str~ �

∆wij = −η(oj − oj)xi

FC
•

�sx y~qv x~ ��t�wvts uw ~rrw�~�wvts qw~ �t~ qw�zvwus ¹ qw �~ �FF
∆wij =

−η(oj − oj)oj(1 − oj)xi

o

•
�t ¼�sqr~ qsus qw ~yystt~ qvxv ~x �~rrv y�s ¹ u~rv �t z vusxxv xwts~}s
usx qwqrsz ~ �qyv ¹ x �s}}v}s ¼�~u}~rwyv z suwv qw yvz�v}r~ yvz s �t w� s}�
�~}~� vxwus ¹ �~}~trstuv yvqw � x �sqwqrst�~ usxx~ qvx��wvts Útsx y~qv wx qwq�
rsz ~ tvt qw~ xwts~}s s � v��v}r�tv r�}�~}s w � sqw � s} s� wr~}s uw wtuw� wu�
�~}s s�str�~xw z wtwz w �xv�~xw ¹ s tvt wx z wtwzv xv y~xs ¹Û o

s ä� Ùéì(éð ) ëí )''(ìççíð )* íìêé +êíÚé(ç) îé
�w s � �sqrv y�s �t qwt�vxv � s}ys�r}vts tvt ��v � sqqs}s ~uusqr}~rv � s} sqs��w}s
x �v� s}~�wvts �!� Fh ¹ r�rr~�w~ }srw z�xrwx~�s} �ssu�v}©~}u �vqqvtv ~��}stus}s
�~ywxz strs r~xs v� s}~�wvts o |u sqsz �wv �t~ }srs yvt u�s ts�}vtw | s ¨ ¹ s �t
rs}�v ts�}vts !� Ús«srr�~trs x �!� usw q�w wt�}sqqwÛ }wyvtvqysx~ �~}rw�wvts
usxxxv q�~�wv ~qqv yw~rv ~xx �v� s}�wvts �!� ¹ yvzs qw �sus tsxx~ qs��strs ���}~ o

bZ
a′(P )

WKTTWLNLJPK _K QLWOYKPK QL__K lRJSOIJL QO KPPOYKSOIJL HK_HI_KPK T LW RJ JLPgOJTRPQKPI QK
x1, . . . , xn

ab` �J mRLNPI HKNI NO TKW_K KJH^L QO WL\I_K QO KTTWLJQOVLJPI QL_ T LWHLTPWIJL HIJPOJRIbb �O JIPO H^L NO ^KJJI QLO TWIM _LV O JRVLWOHO NL _ UIRPTRP L U YOHOJI K Û I K fbk �J WLK_PK U NKWLMML TINNOMO_L X lIWJLJQI OJ OJTRP I_PWL KO QRL OJ\WLNNO KJH^L O_ _IWITWIQIPPI X OJ TWKPOHK HOI U T LWI U L U LmR OYK_LJPL K OJPWIQRWWL RJ UR_PLWOIWL NLVT_OHL JLRWIJLH^L KTT_OHK RJK PgJIWV K K\_O OJ\WLNNO X mR OJQO NO WOHKQWLMML OJ RJ HKNI TKWPOHI_KWL QO VR_gPO_�LW lLLQlIWdKWQ JLPdIWÅ

� S



X2

X1

X2X1

OR

Decisione

spazio riconosciuto da A

spazio riconosciuto da B

A B

�s} �t~ }srs uw � s}ys�r}vtw qs�~}~�wvtw usxxv q�~�wv �w� � yvz�xsqqs �vq�
qvtv }wy�wsu}s �w� � xw�sxxw wtrs}z suw Ú�tv ~u �t z ~qqwzv uw u�s ¹ s«srr�~trw u�s
v� s}�wvtw yvtqsy�wrw�s |�  !� v �wys�s}q~Û o� w� � wt �sts}~xs �~xs wx qs��strs

Çd_^d® j `c j��^_­­c® jbc_\d a\c§d^­j¤d
§t~ }srs z�xrwx~�s} �ssu�v}©~}u ¹ yvt ~xz stv �tv qr}~rv wtrs}z suwv ¹ ~�strs

�t~ ~}�wr}~}w~ ÀÅÇÍÆ¿ÇÐ øÆ ËÁÁÆØËÍÆ¿ÇÐ øÆ ÙzÅËÙ¹ ÆÇÈFi s s �t~ ��t�wts
uw tsr�wt��r xwts~} v �vxwtvz w~xs ��v � ~��}vqqwz ~}s v�tw ��t�wvts �tv ~u
�t ~}�wr}~}wv xw�sxxv uw ~yy�}~rs��~ ¹ ~zz sqqv y�s �w qw~tv q�» ystrw sxsz strw
tsxxv q}~rv wtrs}z suwv oFjborJK lRJSOIJL QO KPPOYKSOIJL QO NmRKN^OJ\

a()
L U HINO U QL]JPK n

• a : [< → [0, 1]
�I KJH^L

[−1, 1]

•
L U JIJ HWLNHLJPL

• limλ→∞ a(λ) = 1

• limλ→−∞ a(λ) = 0
�I KJH^L g f�
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s ä� � é,ìî) ëí )''(éêëíð éêèì ëí � )ïÜv'(ì'),)èíìê
�w s � � wqrv y�s xs }srw �tw�s}q~xw �ssu�v}©~}u �vqqvtv ~��}vqqwz ~}s ¼�~xqw�
~qw ��t�wvtsF~ o p � y�w~}~ ¼�wtuw x �wz �v}r~t�~ uw ¼�sqrv rw� v uw }srs o ¦�r�
r~�w~ x �~x�v}wrz v uw ¨ wu}v©�ªv« tvt ��v � sqqs}s uw}srr~z strs ~��xwy~rv ¹ wt
¼�~trv s � ¼�w tsysqq~}wv ~ty�s ~��wv}t~}s w � sqw usw xwt¬ wtrs}z suw ¹ y�s tvt
uw� stuvtv uw}~rr~z strs u~xx �s}}v}s o ¦�rr~� w~ r~xs ~x�v}wrzv ��v � sqqs}s sq�
rsqv wt ¼�sqr~ uw}s�wvts ¹ yvq~ y�s sqqst�w~xz strs �wsts �~rr~ tsxx �ËÒÈ¿ÏÆÁÃ¿
øÆ �ËÊ%ÔÄÏ¿ÄËÈËÁÆ¿Ç ½ ¦~xs ~x�v}wrzv s � x �~x�v}wrzv �vtu~zstr~xs uw ~��
�}stuwz strv q��s}�wqwvt~rv � s} }srw z�xrwx~�s} �ssu�v}©~}u ¹ � s}r~trv wx q�v
}�vxv s � ystr}~xs tsxx �~z�wrv usxxs }srw ts�}~xwF�

�s} �t~ q�~ wtr}vu��wvts qw yvtqwus}w x~ qs��strs }srs Úxs yvttsqqwvtw z ~}�
y~rs qvtv ¼�sxxs y�w s � ~qqvyw~rv wx tvzsÛ �

x1 o1

on

oixi

xn

z1

w1q

w2q
zq

wnl

zl

vq1

vq2

vq3

¦~xs }srs �~ �t �}wz v qr}~rv uw wt��r ¹ y�s }wys�s �xw wt�}sqqw
x1, . . . , xn

o
¦~xw wt�}sqqw �st�vtv r}~qz sqqw u~x �}wzv qr}~rv uw ts�}vtw ~x qsyvtuv ¹ ~r�
r}~�s}qv yvttsqqwvtw y�s �~ttv wx �sts}wyv � sqv

vqj

wtuwy~trs wx � sqv y�s �~ u~x
Ó �sqwz v wt��r ~x ¼�sqwz v tsw}vts usx qsyvtuv qr}~rv o §t ts�}vts usx qsyvtuv
qr}~rv ~��xwy~ x~ ��t�wvts tvt xwts~}s

a()
~w q�w wt�}sqqwh� ¹ s �sts}~ �t wt��r ¹

zq

� s} wx ¼�sqwzv ts�}vts ¹ y�s s � wt wt��r ~xx �� xrwz v qr}~rv o
wiq

wtuwy~ wx � sqv
usxx~ yvttsqqwvts r}~ wx ¼�sqwzv ts�}vts usx qsyvtuv qr}~rv ¹ s¼�sxxv w�sqwz v
usx �}wzv o | q�~ �vxr~ �x ts�}vts usxx �� xrwz v qr}~rv y~xyvxs}~ � x �v�r��r

o()
¹

uv�v ~�s} yvz�wt~rv xwts~}z strs w q�vw wt�}sqqw o �s} x~ }srs �}sqstr~r~ w r}s
qr}~rw �~ttv }wq� srrw�~zstrs z ¹x ¹t ts�}vtw o
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� �~x�v}wrz v uw �~y¬��}v�~�~rwvt v�s}~ sqqst�w~xz strs wt u�s �~qw ¹ wwt �t~
�}wz ~ �~qs qw y~xyvx~ x �v�r��r ~ �~}rw}s u~w u~rw u w sqsz �wv ¹ r~xs v� s}~�wvts
�}vysus wt uw}s�wvts �v}©~}u ¹ ywv s � wx Þ�qqv usx qs�t~xs �~ u~x �}wzv qr}~rv
~xx �� xrwz v o �s��s �t~ qsyvtu~ �~qs wt y�w x �~�wvts uw yv}}s�wvts usw � sqw � wsts
�}v�~�~r~ ~xx �wtuwsr}v ¹ wt uw}s�wvts �~y¬ o

�~ yw�}~ uw z s}wrv �rwxw��~r~ � s} y~xyvx~}s x �s}}v}s s � x �s}}v}s ¼�u}~rwyv
z suwv ¹ s wx z srvuv uw vrrww��~�wvts sqqst�w~xz strs ¼�sxxv ~ uwqysq~ uw �}~uw�
strs ¹ �rwxw�½ �~rv tsxx �~x�v}wrz v uw ¨ wu}v©�ªv« o

�x y~xyvxv usxx �s}}v}s ¼�~u}~rwyv z suwv �}vqs��s tsx qs��strs zvuv �
So wx �sts}wyv ts�}vts ¼ usx qsyvtuv qr}~rv y~xyvx~ �t �vrst�w~xs uw ~r�

rw�~�wvts �~}w ~
Pq =

∑m
j=1 vqjxj

¹ s �}vuys �t v�r��r �~}w ~ �
zq =

a(Pq) =
(∑m

j=1 wqjxj

) o
n o wx �sts}wyv ts�}vts w usx rs}�v su �xrwzv qr}~rv y~xyvx~ ~xxv}~ �t �vrst�

�w~xs uw ~rrw�~�wvts �~}w ~
Pi =

∑l
q=1 wiqzq =

∑l
q=1 wiqa

(∑m
j=1 vqjxj

) ¹
x �v�r��r �sts}~rv }wq�xr~ v}~

yi = a(Pi) = a
(∑l

q=1 wiqzq

)
= a

(∑l
q=1 wiqa

(∑m
j=1 vqjxj

))

| ¼�sqrv ��trv wx qs�t~xs wt wt�}sqqv s � qr~rv � �õ��� �óõ ~xx ��qywr~ usxx~ }srs o
� �s}}v}s ¼�u~}~rwyv z suwv Ú��t�wv s usw � sqwÛ s � v}~ �

E = 1
2

∑n
i=1 [−→oi − a(Pi)]

2

¹ v��s}v
E = 1

2

∑n
i=1

[
−→oi − a

(∑l
q=1 wiqzq

)]2 o
�sxx~ qsyvtu~ �~qs x �s}}v}s � wsts �qr~v �s} uwqr}w��w}s x �~�wvts uw yv}}s�wvts

~xx �wtuwsr}v x�t�v x~ }srs o
So �s} wx z srvuv uw z wtwz w��~�wvts �rwxw�~rv qw �~ �

∆wiq = −η ∂E
∂wiq

� s} w
� sqw }sx~rw� w ~�xw wt��r usxxv qr}~rv uw �qywr~ o  �t¼�s

∆wiq = −η ∂E
∂yi

∂yi

∂Pi

∂Pi

∂wiq
=

η(oi−oi)(a
′ (Pi)) zq

¹ ¼�wtuw
∆wiq = −ηDoutputizq

¹ yvt v��w~ us�tw�wvtsuw
uw

Doutputi h
A o

D
�wsts ~ty�s usrrv ÙÐÈÇËÒÐ øÆ ÐÏÏ¿ÏÐ o �w tvrw y�s

�t ¼�w x �~x�v}wrz v s � wustrwyv ~ ¼�sxxv uw ¨ wu}v© ªv« o
n o | ¼�sqrv ��trv qw �}v ysus ~ y~xyvx~}s x~ yv}}s�wvts u~ ~��v}r~}s ~w

� sqw wt wt�}sqqv ~w tvuw wtrs}z suw o
∆vqj = −η ∂E

∂vqj
= −η ∂E

∂Pq

∂Pq

∂vqj
=

−η ∂E
∂zq

∂zq

∂Pq

∂Pq

∂vqj

¹ ¼�wtuw
∆vqj = η

∑n
i=1[(oi − oi)a

′(Pi)wiq]a
′(Pq)xj hB o |t�

y�s ¼�w qw ��v � }wy~�~}s
∆vqj = η

∑n
i=1[Doutputiwiq]a

′(Pq)xj = ηDhiddenq
xj¹ ~�stuv �vqrv

Dhiddeni
= − ∂E

∂Pq
= − ∂E

∂zq

∂zq

∂Pq
= a′(Pq)

∑n
i=1 Doutputiwiq

o
kG O_ T LQOHL IRPTRP NPK KQ OJQOHKWL H^L NO PWKPPK QL_ NL\JK_L QO HIWWLSOIJL HIWWONTIJQLJPLK__I NPKWPI QO IRPTRPkZ �O YLQK HIV L ß TRI U LNNLWL LNTWLNNI OJ lRJSOIJL QO d JL_ NHIJQI TRJPI QL__K lKNLTWLQLJPL

��



�w tvrw y�s x~ yv}}s�wvts u~ ~��v}r~}s ~w � sqw uw �tv qr}~rv t~qyvqrv ��v �
sqqs}s usrs}z wt~r~ q�xx~ �~qs usxxs yv}}s�wvtw u~ ~��v}r~}s ~xxv qr}~rv y�s sqq~
~xwz str~ ¹ ~rr}~�s}qv yv s» ystrw �~}s ~x � sqv usxxs yvttsqqwvtw qrsqqs yvwt�vxrs ¹
z ~ ¼�sqr~ �vxr~ � s}yv}qs ~xx �wtyvtr}~}wv �}v�~�~tuv qs�t~xw u w s}}v}s o

� �~x�v}wrz v uw �~y¬ �}v�~�~rwvt ��v � sqqs}s yvqw � sq� vqrv ¹ wrs}~tuv q�w
u~rw uw ~uusqr}~z strv �

So �}v�~�~�wvts wt ~�~trw � qw yvtqwus}~ wx u~rv uw ~uusqr}~z strv yv}}strs
s qw �}v�~�~ x�t�v x~ }srs ¹ vrrstsuv �t v�r��r

n o �w �sts}~ x~ yw�}~ uw z s}wrv p ¹ yvt�}vtr~tuv x �v�r��r �}vuvrrv yvt ¼�sxxv
�v}twrv o

� o �}v�~�~�wvts ~xx �wtuwsr}v usxx �s}}v}s � qw ~��wv}t~tv w � sqw usxx~ }srs o
�vtqwus}~rw u�s qr}~rw q�yysqqw� w yvt �qwrs

zq

s
yi

¹ s �}sqv
wiq

yvzs
� sqv �sts}wyv r}~ wu�s ts�}vtw ¹ qw ~��wv}t~

wnuovo
iq = wvecchio

iq + ηDizq

o
yvt

Di = (oi − oi)a
′(Pi)

qs
yi

s � x ��qywr~ uw �t ts�}vts uw v�r��r ¹ yvt
Di = a′(Pi)

∑
k Dkwki

qs
yi

s � x ��qywr~ uw �t ts�}vts wtrs}z suwv o
� �~x�v}wrzv rs}z wt~ ¹ ~ty�s uv�v uw�s}qs s�v y�s ¹ ¼�~tuv x �s}}v}s uw�str~
~yysrr~�wxs o pqwqrvtv uw�s}qs �~}w~trw �rwxw ~ z w�xwv}~}s xs y~}~rrs}wqrwy�s
usxx �~x�v}wrz v ¹ y�s ¼�w tvt �s}}~ttv sq�vqrs o

¡ þm þZ ö ¤h_^c]® _ à c\\d^ ]jád­ j¤¤
�t�ts qw �}sqstr~ �t sqz �wv uw ~x�v}wrzv uw ~��}stuwz strv tvt q��s}�w�
qvt~rv ¹ x �~x�v}wrz v â ÆÇÇÐÏ ÁË%ÐÙ ËÒÒ ¹ usrrv ~ty�s ÏÐÈ¿ÒË øÆ ËÄÄÏÐÇøÆÔ
ÃÐÇÁ¿ øÆ %¿¹¿ÐÇ ½ � �~��}stuwz strv yvtqwqrs tsxx �wtuw� wu�~}s ¹ u~rv �t
wtqwsz s uw v��srrw ¹ �t~ xv}v yx~qqw�y~�wvts o �t ¼�sqrv ~x�v}wrz v uw ~��}stuw�
z strv qw ~qq�zs y�s wx t�zs}v uw yx~qqw qw~ �t u~rv ¹ t o

§t~ }srs uw �v�st ¹ ¼�w s � ~��xwy~rv x �~x�v}wrzv ¹ s � sqqst�w~xz strs �t~ }srs
qwt�xs x~�s} �ssu�v}©~}u ¹ ~�strs z wt��rq

x1, . . . , xm

su t ts�}vtw Úv�t�tv usw
¼�~xw }wys�s r�rrw �xw wt��rqÛ o

wij

wtuwy~ wx � sqv usxx~ yvttsqqwvts r}~ wx Ó �sqwz v
wt��r s xv w�sqwz v ts�}vts o � xw v�r��r qvtv }wq� srrw�~z strs ustvz wt~rw yvt
o1, . . . , on

o �~ ��t�wvts uv�s x~ ��t�wvts uw ~rrw�~�wvts tvt s � }wxs�~trs � s}
x �~��}stuwz strv o

� �~x�v}wrz v ¹ uv�v �t~ wtw�w~xw��~�wvts ¹ �}v ysus wt u�s �~qw �

•
�t w�w~xw��~�wvts o � xw t �srrv}s usw � sqw �st�vtv �s}r�}�~rw y~q�~xz strs ¹
wtuw tv}z ~xw��~rw o

�s} v�tw u~rv �}sqstr~rv �
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•
�ysxr~ usx � wtywrv}s o � wsts qysxrv wx ts�}vts w r~xs u~ �}sqstr~}s x~
z wtv}s uwqr~t�~ s�yxwus~ u~x u~rv wt ¼�~qr�wvts ¹ v��s}v w r~xs y�s

‖

x − ŵi
(k) ‖≤ min1≤j≤n

{
‖ x − ŵj

(k) ‖
}hC

•
|��wv}t~zsrv usw � sqw o �x © wtywrv}s �wsts �}sz w~rv ¹ s qw �~

ŵi
(k+1) =

ŵi
(k) +η(k)(x−ŵi

(k))
¹ z str}s �xw ~xr}w � sqw }wz ~t�vtv wt�~}w~rw o ��sqrv

yv}}wq�vtus ~u �t ~�� wywt~zstrv ~x u~rv wt ¼�sqrwvts o
η

s � �t~ v��v}�
r�t~ yvqr~trs uw rsz �v y�s ��v � �~}w~}s tsx rsz�v ohF

� �~��}stuwstrv rs}z wt~ ¼�~tuv x~ �~}w~�wvts wtuvrr~ tsw � sqw yvz wtyw~ ~u
sqqs}s wt�s}wv} ~u �t~ �}s�qq~r~ qv�xw~ o

§t sqsz �wv �}~�yv y�w~}w�y~ x~ ��t�wvts uw �}sz w~�wvts usx � wtywrv}s o

w1 w2

wi

vincitore
dato corrente

differenza 

 vettore
agg.

�~ tv}z ~xw��~�wvts usx �srrv}s usw � sqw qs}�s ~u s�wr~}s y�s tsxx~ qysxr~
usx �w� � � wywtv ~u �t u~rv tvt wtÞ�wqy~tv x �v}uwts usw � sqw yv}}strw ¹ z ~ qvxv
x~ uw}s�wvts usx �srrv}s usw � sqw o

ã ³VWXÞ´à·¸U VX W´à Y¸YWXä ¸ å¶··â X ´XW¸ VX¶´à Ä¸

�s }srw ts�}~xw s w qwqrsz w ����� �}sqst~rtv z vxrw sxsz strw wt yvz�ts o |z�su�s
qvtv qwqrsz w t�z s}wyw y�s qw � vqqvtv yvz�v}r~}s yvz s qrwz ~rv}w v yvz s qwq�

k` HIJ ® L
wj
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rsz w uwt~z wyw ¹ ~z�su�s �vqqvtv qrwz ~}s ��t�wvtw "y~z �wvt~rs# s ��t�s}s u~
z sz v}ws ~qqv yw~rw�s ¹ ~z�wus�s qvtv qwqrsz w uw r}~rr~z strv usxx �wt�v}z ~�wvts
tvt qwz�vxwyw o

�t ~��w�tr~ ¹ qw ��v � uwzvqr}~}s y�s �t ÙÆÙÁÐÃË ÀÅÍÍÎ hh ¹ yvt y~}~rrs}wq�
rwy�s usx r�rrv �sts}~xw ¹ ��v � ~��}vqqwz ~}s �t~ ¼�~xqw~qw ��t�wvts ¹ }wq� xr~rv
~t~xv�v ~x rsv}sz ~ uw ~��}vqqwz ~�wvts �tw�s}q~xs o

! xr}s ~ ¼�sqrs ~t~xv�ws w u�s qwqrsz w �}sqstr~tv �s}v � qw�tw�y~rw�s uw��
�s}st�s �

•
� qwqrsz w ����� yvtqstrvtv �t }~�wvt~zstrv uw ~xrv xw�sxxv ¹ ~rr}~�s}qv }s�
�vxv ���¦ªp� v� s}~trw q� �~}w~�wxw xwt��wqrwy�s ¹ sqqw qvtv qwqrsz w qr}�r�
r�}~rw ¹ ~ty�s qs v� s}~tv q� �t~ qr}�rr�}~ t�z s}wy~ q��z ~r~ o

•
§t �}v�xsz ~ y�s qw }wqyvtr}~ yvt w qwqrsz w ����� s � x~ tsysqqwr~ � u w
us�tw}s xs ��t�wvtw uw z sz s�}q�w� v xs }s�vxs xv�wy�s o

•
�s }srw ts�}~xw qvtv qwqrsz w ~ qr}�rr�}~ xw� s}~ ¹ �}sqstr~tv y~�~ywr~ � u w
~��}stuwz strv s uw ~qr}~�wvts o

•
�s }srw ts�}~xw �v}twqyvtv �t~ }~��}sqstr~�wvts uwqr}w��wr~ usxx~ yvtvqyst�~
}wuvtu~trs s �~ttv tr}wtqsy~z strs uvrw uw �~�xr rvxxs}~tys o

•
�s }srw ts�}~xw tvt yvtqstrvtv uw usu�}}s �t~ qr}�rr�}~ u~xxs wt�v}�
z ~�wvtw ~��}sqs o ��sqrs qvtv wz z ~�~��wt~rs wt z vuv uwqr}w��wrv ¹ ~qq~w
u w» ywxs u~ "sqr}~}}s# u~xx~ }srs

•
§t �}v�xsz ~ yvttsqqv ~x ��trv �}sysustrs s � x~ uw» yvxr~ � u w u wqs�t~}s
}srw ts�}~xw � s} }wqvx�s}s �t usrs}z wt~rv �}v�xsz ~ o

�w vqqs}�~ y�s xs uw«s}st�s r}~ w u�s qwqrsz w rstuvtv ~u sqqs}s yvz �xsz str~}w
� w� � y�s yvtr}~qr~trw o � wv � q���s}wqys �t~ xv}v �vqqw� wxs yvz�wt~�wvts y�s
�sts}w �t qwqrsz ~ �w� � }wyyv o

 ~x x~rv usxx~ xv�wy~ �����¹ x �wtrs�}~�wvts usxxs }srw ts�}~xw �v}twqys x �~�wxwr~ �
u w ~��}stus}s s x~ �}v�}wsr~ � u w �~�xr rvxxs}~tys o   w �~rrv qw ~}}wyy�wqys wx
�}~z s©v}¬ ����� usxx �~�wxwr~ � u w r}~rr~}s wt�v}z ~�wvtw uw �~qqv xw�sxxv Ú¼�~xw
¼�sxxs qstqv}w~xwÛhi
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 ~x x~rv usxxs }srw ts�}~xw ¹ ¼�sqrs ~y¼�wqr~tv r}~q�~}st�~ ¹ �}~�ws ~u �t~
xv}v �}sqr}�rr�}~�wvts v ~u �t~ �vqr�wtrs}�}sr~�wvts usxxs xv}v y~}~rrs}wqrwy�s ¹
}sq~ �vqqw�wxs u~ v tsx �}~z s©v}¬ �����o

�w � vqqvtv wtuw� wu�~}s r}s "�ws# uw wtrs�}~}s ¼�sqrw u�s qwqrsz w �

•
ÑÐÅÏËÒ ÀÅÍÍÎ ÙÎÙÁÐÃÙ � �s }srw ts�}~xw �st�vtv �rwxw��~rs yvz s qr}��
z strw wt zvusxxw �����o ��w w qwqrsz w ����� ~y¼�wqr~tv xs y~�~ywr~ � u w
~��}stuwz strv s vrrwz w��~�wvts usxxs }srw ts�}~xw o §t~ rw� wy~ ~}s~ ~��
�xwy~rw�~ uw r~xw qwqrsz w s � wx yvtr}vxxv o

•
ÌÅÍÍÎ ÇÐÅÏËÒ ÇÐÁÈ¿Ï%Ù � � z vusxxw uw }srw ts�}~xw yvt�st�wvt~xw
�st�vtv ����w�y~rw ¹ v��s}v �xw sxsz strw rw�wyw usxxs }srw Ú��t�wvtw uw ~rrw�
�~�wvts ¹ ��t�wvts uw �vrst�w~xs ¹oooÛ � vqqvtv ~}}wyy�w}qw u w sxsz strw �����o
§t~ rw� wy~ ~��xwy~�wvts uw r~xw qwqrsz w s � tsx �~rrs}t }syv�twrwvt o ¦~xw
qwqrsz w tvt �s}}~ttv ¼�w r}~rr~rw o

•
ÌÅÍÍÎÔÇÐÅÏËÒ ¹Î�ÏÆø ÙÎÙÁÐÃÙ � �w r}~rr~ uw ~}y�wrsrr�}s v}wstr~rs
~xx �~��xwy~�wvts ¹ wt y�w x~ yvzz wqrwvts usxxs u�s rsytvxv�ws s � ~u �v y � s}
}wqvx�s}s usr}sz wt~rs �}v�xsz w o �s ~}ss uw ~��xwy~�wvts yvz�}stuvtv
¼�sxxs usx yvtr}vxxv s usx �~rrs}t }syv�twrwvt o

  w qs��wrv �s}}~ttv �}sqstr~rs ~xy�tw yvtysrrw �sts}~xw wts}strw w ts�}~x �����
q�qrsz q su ~xy�ts wtrs�}~�wvtw yvz�xsrs o

� äå � é) îí**)* íìêé êé+() îé ëí �+ê* íìêí ë í ð éð é(çè í'ç
�w s � � wqrv y�s �t~ }srs ts�}~xs �w� � ~��}vqqwz ~}s �t~ ~}�wr}~}w~ ��t�wvts
yvtrwt�~ ¹ u~rv �t t�zs}v ~us��~rv uw sqsz�w uw r~xs ���twvts o ��wtuw
�t~ }srs ts�}~xs ¹ yvt ~xz stv �tv qr}~rv wtrs}z suwv ¹ s ��v � sqqs}s �rwxw��~rs
� s} yvqr}�w}s x~ ��t�wvts uw ~��~}rstst�~ uw �t yvtysrrv ¹ u~rv �t ~us��~rv
t�z s}v uw sqsz�w Úsu �rwxw��~tuv x~ ��t�wvts uw �~y¬��}v�~�~rwvt Ûhj o

�� sqqv xs ��t�wvtw uw z sz�s}q�w�q �rwxw��~rs qvtv ��t�wvtw yvz s qw�zvwuw
v y~z�~ts ¹ ~xxv}~ �t qwt�vxv ts�}vts ��v � sqqs}s �rwxw�~rv � s} }~��}sqstr~}s
�t~ ��t�wvts uw ~��~}rstst�~ o §t qsz�xwys sqsz�wv z vqr}~ w �~tr~��w uw
�t �wz�xsz str~�wvts ts�}~xs usxxs ��t�wvtw uw ~��~}rstst�~

e þZþZ ÷ \ ­d® � ¤cid d­d® � c_
�w yvtqwus}w x~ �~}w~�wxs xwt��wqrwy~ ¦��õ�òó� �¹ ~�strs yvzs wtqwsz s uw rs}z wtw �
é��ñóõ¬ ³ �ôòõ¬ ¦��õ��ê o � xw wtqwsz w uw ~��~}rstst�~ usw r}s rs}z wtw � vqqvtv
sqqs}s us�twrw q�

<
tsx qs��strs zvuv �
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Lento Moderato Veloce

§t~ r~xs q�uuw�wqwvts ����� usxxv q�~�wv ��v � sqqs}s sqs��wr~ u~xx~ }srs
z vqr}~r~ �

1

x

+

+

+

+

w

w

w

1

-1

1

1

1

+

wg

�x �}wzv qr}~rv uw ts�}vtw qvz z ~ �xw wt��r ¹ wx qsyvtuv ~��xwy~ �t~ ��t�wvts
qw�z vwus �tw�vx~}s ~x q�v tsr�wt��r o �vz s }wq�xr~rv v�tw ts�}vts y~xyvx~ �t~
usxxs r}s ��t�wvtw uw ~��~}rstst�~ o |u sqsz �wv � s} x �wtqwsz s �strv ¹ qw ~�}~ �
µL(x) = 1

1+e−wg(x+wc)

o �w tvrw y�s
wc

s
wg

qvtv �~}~z sr}w y�s usrs}z wt~tv
}wq� srrw�~zstrs x~ �vqw�wvts s wx �}~uwstrs usx qw�zvwus ¹ s �vqqvtv sqqs}s
~��}sqw wt ¼�~trv �sqw usxx~ }rs ts�}~xs wt ¼�sqrwvts o  ~rv �t v��v}r�tv

��



t�z s}v uw sqsz�w r~xs }srs ��v � u�t¼�s wz �~}~}s ~ q�uuw�wus}s xv q�~�wv
ts�xw v��v}r�tw wtqwsz w �����o

� äã � é) îí**)* íìêé �)çíî)(é ëí ì' é()* íìê í �+**�
�~ }s~xw��~�wvts ts�}~xs �w� � wzz suw~r~ � s} �t~ v� s}~�wvts |�  ¹ !� ¹ �!¦ ¹
s � yvtqwus}~}s x~ ��t�wvts uw ~rrw�~�wvts r~xs u~ s«srr�~}s x �v� s}~�wvts wt
¼�sqrwvts o �t �sts}~xs qw ��v � yvtqwus}~}s �t ÇÐÅÏ¿ÇÐ ÀÅÍÍÎ ¹ y�s ��v �
s«srr�~}s v� s}~�wvtw rw� wy�s us�xw wtqwsz w ����� yvz s r�tv}z s s r�yvtv}z s o
| xxv}~ ~u sqsz �wv �t ts�}vts y�s yvz��rw x �v� s}~�wvts ����� |�  �vr}~ �
�}sqstr~}s �t~ r�tv}z ~ yvzs ��t�wvts uw ~rrw�~�wvts Úqw tvrw y�s � s} sqw�
�st�s xs�~rs ~xx �~��}stuwsz strv qw }wy�wsus y�s x~ ��t�wvts uw ~rrw�~�wvts qw~
uw«s}st�w~�wxsÛ o

§t �~xr}v z vuv uw }s~xw��~}s v� s}~�wvtw ����� s � �rwxw��~}s ÇÐÅÏ¿ÇÆ ëâÓ
ìëÏøÐÏÐø â ÐÆÈ¹ÁÐø ÓØÐÏËÈÆÇÈ Æ ¹ r~xw ts�}vtw qvtv y~}~rrs}w��~rw u~
�t �srrv}s uw � sqw u w wt�}sqqv �qqv ¹ z ~ �xw wt��r �st�vtv v}uwt~rw Ú� s} �~xv}s
y}sqystrs v usy}sqystrsÛ �}wz ~ uw sqqs}s z vxrw� xwy~rw qy~x~}z strs � s} wx �srrv}s
usw � sqw Úv��s}v wx �}wzv �sqv yvz ��r~ qsz�}s wx �~xv}s �w� � �}~tus wt wt��r ¹
x �� xrwz v wx �w� � �~qqv s ~t~xv�~zstrs � s} w � sqw wtrs}z suwÛ o §t �srrv}s !¨|
��v � s«srr�~}s �t~ v� s}~�wvts yvz�}sq~ r}~ wx qr~tu~}u ����� |�  Úz wtÛ s
wx qr~tu~}u ����� !� Úz ~½ Û o

� äs � é) îí**)* íìêé êé+() îé ëéîî �íê �é(éê*) �+**�
�wqrsz w uw wt�s}st�~ ����� }s~xw�~rw ts�}~xz strs �vqqvtv sqqs}s �rwxw��~rw � s}
sqr}~�vx~}s }sx~�wvtw yvz�xsqqs r}~ xs uwqr}w���wvtw uw � vqqw� wxr~ � usxx �~trsysustrs
s usx yvtqs��strs uw }s�vxs �����o §t~ qwz wxs yvz�wt~�wvts yvtqstrs uw q� wx���
�~}s qwqrsz w y�s zvqr}wtv �t yvz�v}r~z strv ~u~rrw�v ¹ z ~trststuv �t~ }~��
�}sqstr~�wvts �v}rs usxx~ yvtvqyst�~ o �s }s�vxs ����� tvrw �st�vtv �rwxw��~rs
� s} qr}�rr�}~}s v��v}r�ts }srw ts�}~xw y�s wz �xsz strwtv usrrs }s�vxs ¹ s r~xw
}srw ts�}~xw � vqqs��vtv ¼�wtuw �t~ qr}�rr�}~ y�s uw}srr~z strs }wq� syy�w~ xs
}s�vxs ����� yvwt�vxrs ¹ }stustuv yvqw � � vqqw� wxs y~�w}s "yvq~# x~ }srs ~��}stu~ o

e þ¡ þZ kabbl c\¯d^d\id \d]í_^á­
�s ÀÅÍÍÎ ÆÇÀÐÏÐÇÊÐ ÇÐÁÈ¿Ï%Ù qvtv }srw z�xrx~�s} �ssu�v}©~}u y�s }w�}v�
u�yvtv x �~�wvts uw �t~ }s�vx~ uw wt�s}st�~ �����o pqqs qvtv yvz �vqrs u~ �w� �
qvrrv}srw ¹ v�t�t~ usxxs ¼�~xw s � �t~ qr}�rr�}~ uw �~qs }~��}sqstr~rs �t~ }s�vx~
����� tsxx~ �v}z ~ � � �

X1
� �

A1
� î�

X2
� �

A2
��� � î�

Xn

� �
An

�� �õ��
y

� �
B

o

��



�~ uwqr}w���wvts uw �vqqw� wxr~ � usxxs �~}w~�wxw s us�xw wtqwsz w tsxxs �}s�
yvtuw�wvtw � wsts y~z�wvt~r~ ¹ v��s}v }~��}sqstr~tr~ u~ �t t�z s}v �twrv uw
sxsz strw u~xx~ q�~ uwqr}w���wvts uw �vqqw�wxr~ � h~ o �t ~xr}w rs}z wtw usrrv

Xi�t wtqwsz s "¼�~trw��~rv# ¹ sqqv �wsts sq�}sqqv yvz s
Xi = {xi1, . . . , xin}

o �w~
~xxv}~ u~r~ �t~ }s�vx~ yvt u�s qvxw ~trsysustrw � � �

X1
� �

A1
� î�

X2
� �

B
�� �õ��

y
� �

C
o s qw~tv �v}twrw w �~rrw �X1

� �
A′ £ s �X2

� �
B′ � o ��sqrw

wtu�}}~ttv u�s uwqr}w���wvtw uw � vqqw� wxwr~ � ¼�~trw��~rs yvzs wt��r ¹ }wq� sr�
r~�wz ~trs �~}w ~ ∏

X1
= {a1, . . . , an}

� s} x~ �~}w~�wxs
X1

¹ s ∏
X2

= {b1, . . . , bn}� s} x~ �~}w~�wxs
X2

o   w qs��wrv � wsts �v}twr~ �t~ }srs y�s y~xyvx~ �t~ }s�vx~
yvt u�s qvxw ~trsysustrw o �s�vxs yvt �w� � ~trsysustrw tvt �s}}~ttv ¼�w r}~r�
r~rs ¹ z ~ s � �~ywxz strs wtr�w�wxs yvz s r~xw }srw Ús }sx~rw�s �}v�}wsr~ �Û � vqq~tv
sqqs}s sqrsqs o
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a’ a’ a’ b’ b’ b’
1 2 m 1 2 m

wa1

wa2
wan

wb1

wb2

wbn

Strato di controllo

delle clausole di

precondizioneDa Db

Va Vb

Strato di 

combinazione

delle clausole

da
db

1-t

u uba

b1 bn

Strato di 

Output

Input

�x �}wzv qr}~rv t~qyvqrv ¹ usrrv ¾ÁÏËÁ¿ øÆ Ê¿ÇÁÏ¿ÒÒ¿ øÐÒÒÐ ÊÒËÔ
ÙÅÙ¿ÒÐ øÆ ÄÏÐÊ¿ÇøÆÍÆ¿ÇÐ ¹ �sts}~ �t~ z wq�}~ usx uwq~yyv}uv r}~ �xw ~t�
rsysustrw

A
s

B
s w �~rrw "}~��}sqstr~rw# u~

X1
¹

X2
Útsx qstqv y�s r~xw

�~}w~�wxw yvtrst�vtvtv x~ uwqr}w���wvts uw �vqqw�wxr~ � q�yysqqw�~ ~�xw ~qqs��
t~zstrw �X1

� �
A′ £s �X2

� �
B′ � ¹ }~��}sqstr~trw w �~rrwÛ o �vtv �vqqw� wxw u�s

wz�xsz str~�wvtw � s} ¼�sqrv qr}~rv o
�t �t~ �}wz ~ wz �xsz str~�wvts w � sqw }sx~rw� w ~�xw wt��r qvtv wx yvz �xs�

z strv usw �~xv}w uw �vqqw�wxr~ � usqwus}~rw tsxxs �}syvtuw�wvtw o !��s}v ¹ � s} x~
�}wz ~ yx~�qvx~ "

X1
s �

A
# qw �~ �

wai = ai = 1 − aih� o �vqw � qw tvr~ y�s qs �xw
k� �LJSK KTOHL NIJI OJQOHKPO O YK_IWO QO

A
�L HIWWONTLPPOY O mRKJPOSSKPO

ai

� QL__ U OJNOLV L

�n



wtqwsz w qw ~xxvtr~tv u~xx~ uwqr}w���wvts usqwus}~r~ ¹ wx tsr�wt��r usx ts�}vts
}sx~rw�v ~xx~ u~r~ �}syvtuw�wvts rstus}~ � ~ q~xw}s Úqw ~�� wywt~ ~ SÛ oi� o

��wtuw wx ts�}vts
Di

¹ ~rr}~�s}qv wx q�v tsr�wt��r s x~ q�~ ��t�wvts uw
~rrw�~�wvts y~xyvx~ �t~ z wq�}~ uw uwq~yyv}uv r}~ x~ uwqr}w���wvts �~rr�~xs s x~
uwqr}w���wvts usqwus}~r~ o wt �~}rwyvx~}s �t ts�}vts !¨| ��v � y~xv y~x}s x~
qs��strs ���wvts �

• d1
k = maxj

{
(1 − aj) ∗ a′

j

}

pqrstustuv xs y~}~rrs}wqrwy�s usw ts�}vtw ¹ yvtqwus}~tuv ��t�wvtw uw tsr�wt��r
�w� � yvz�xsqqs ¹ v ~��w�t�stuv �t �xrs}wv}s qsz�xwys qr}~rv uw wt��ri A qw
� vr}s�� s ~ty�s ~�s}s

• d2
k = maxj

{
min

{
(1 − aj) , a′

j

}}

§t~ qsyvtu~ wz �xsz str~�wvts usxxv qr}~rv uw yvtr}vxxv usxxs yx~�qvxs uw �}s�
yvtuw�wvts �rwxw��~ yvz s �sqw �t~ y~z �wvt~r�}~ usxx~ uwqr}w���wvts uw �vqqw�
� wxr~ � yvtqwus}~r~ ¹ v��s}v ¹ � s} x~ �}wz ~ yx~�qvx~ "

X1
s �

A
# qw �~ �

wai = ai

o
�vtqwus}~tuv ~ty�s ¼�w �t ts�}vts �w� � sx~�v}~rv ¹ v �t �xrs}wv}s qr}~rv uw
wt��r ¹ qw yvtqwus}~yvzs ��t�wvts y~xyvx~r~ u~x ts�}vts

Di

Ús u~ �t s�str�~xs
qr}~rv qvrrvqr~trsÛ �

• d3
k = maxj

{∣∣∣aj − a′
j

∣∣∣
}

�sxxv qr}~rv q�yysqqw�v xs z wq�}s uw uwq~yyv}uv uw v�tw tvuv �st�vtv yvz�w�
t~rs � s} u~}s �t~ z wq�}~ usx uwq~yyv}uv yvz�xsqqw�v r}~ xs yx~�qvxs uw wt��r
s w u~rw u w wt��r o � � sqw

vi

q�w xwt¬ yvwt�vxrw }~��}sqstr~tv x �wz�v}r~t�~ usxxs
�~}ws yx~�qvxs ¹ � vqqvtv sqqs}s �v}twrw sq�xwywr~z strs v "~��}sqw# u~xx~ }srs o¦~xs
qr}~rv yvz ��r~ x~ ��t�wvts �

• 1 − t = maxi {vi ∗ di}
TWLNLJPL JL__K TWLHIJQOSIJL X HIJ _ UKTOHL NIJI OJQOHKPO O YK_IWO KNNRJPO QK__L YKWOKMO_O

Xi
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y�s � s} wx y~qv wt sqsz�wv uw�str~ �
1 − t = max {va ∗ da, vb ∗ db}

o
�v qr}~rv uw v�r��r s � y~}~rrs}w��~rv u~w � sqw

ui

us�twrw yvz s wx yvz �
�xsz strv usw qwt�vxw �~xv}w u w �vqqw� wxr~ � usxx~ uwqr}w���wvts uw �vqqw�wxr~ �
usqwus}~r~ tsx yvtqs��strs o !��s}v qs x~ yvtqs��st�~ s � "

Y
s �

C
# ¹ ~xxv}~

qw y~z �wvt~
C

s qw �~ �
ui = ci = 1 − ci

o | xxv}~ v�tw tvuv uw v�r��r u~ �
�t �~xv}s y~z�wt~rv usxx~ uwqr}w���vts uw

C ′ Úyvtqs��st�~ usuvrr~Û ¹ yvqw �
y~xyvx~rv �

c′i = 1− u1(1− t) = 1− (1− ci)(1− t) = ci + t− cit
o �sxx �wtqwsz s

xv qr}~rv uw v�r��r �v}twqys x~ uwqr}w���wvts uw �vqqw� wxwr~ � � s} x~ yvtqs��st�~
C ′ oiB o

�s} �t~ }srs uw wt�s}st�~ ����� � vqqvtv sqqs}s uwz vqr}~rs xxs qs��strw
�}v�}wsr~ � Úqw yvtqwus}~ �t~ }srs yvt �t qvxv ~trsysustrs "

X
s �

A
# s �t qvxv

yvtqs��strs "
Y

s �
C

#Û �

•
�s | s � �t qvrrvwtqwsz s twrwuv usxx ��tw�s}qv usx uwyv}qv ¹ s qs

A′ = A
¹

~xxv}~ qw~ �~
Y = C ′ = C

¹ wt ~t~xv�w~ yvt wx z vu�q �vtstq yx~qqwyv o

•
�s | s | � qvtv qvrrvwtqwsz w twruww usxx ��tw�s}qv usx uwqyv}qv ¹ qs

A′ 6= A
qw

�~ y�s ¹ qs x~ ��t�wvts y~xyvx~r~ u~x �}wz v qr}~rv s �
d3 ¹ wx }wq� xr~rv s �

qsz �}s ��!� !���§¦ !iC ¹ ~xr}wz strw wx }wq� xr~rv s � ��!�!��§¦ ! qs
A∩A′ 6= ∅
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d2Û ¹ wtuw� stustrsz strs u~xxs v� s}~�wvtw uw �twvts v wtrs}qs�wvts �rwxw��~rs ¹
��}y�s � tsxx~ }sx~�wvts wtuwy~r~ o

� ä� w íçèéð í êé+(ì �+**�
�wtv}~ qw s � � wqrv yvzs qwt�vxs ��t�wvtw ����� �vqq~tv sqqs}s wz �xsz str~rs
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�vz s �}ysustrsz strs �wqrv ¹ tsw qwqrsz w ����� tvt qw �rwxw�~ �t }~�wv~t~zstrv
����� y~rs�v}wyv Úyvq~ � vqqw� wxs yvts }srw u w wt�s}st�~ ����� Û ¹ z ~ �w�rrvqrv
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uw ~��}stuwz strv � s} xs ��t�wvtw uw ~��~}rstst�~ s xs }s�vxs uw wt�s}st�~ tsw
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Rs � �s
x = (x1, . . . , xn)s �
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rk = 1

qs
k = j¹

rk = 0
~xr}wz strw o �t ¼�sqrv zvuv qw ~uusqr}~ x~ }srs ~ }wyvtvqys}s
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y~xyvx~ wx �~xv}s uw yvtr}vxxv �

y∗ =
∑r

s=1
asys∑r

s=1
as

ii o

ok �O WOHIWQK H^L LNNI L U TKWO K__K lRJSOIJL QO KTTKWPLJLJSKQO
Ai

HK_HI_KPK JL__ UOJTRP X T LWRJ NONPLV K lRSS� HIJ WK\OIJKV LJPI QL_ PLWSI POTI aoo�YYOKVJLP PRPPI mRLNPI KJQWLKMML OJQOHOSSKPI JL__ UONPKJPL QO PLVTI X VK JIJ NO L UYI_RPK KTTLNKJPOWL OJRPO_V LJPL _K JIPKSOIJL a

��



X

X

+

NN mem NN 1 NN r

x 1
x2 x n

a1

a r

y*

��



³V µXð
|x�~ r~�xwv ¹ {
| x�v}wrz w �stsrwyw ¹ �
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�w s � �}v�vqrv �t � s}yv}qv ~rr}~�s}qv xs �~qw usx �v�r �vz��rwt� ¹ �~}rstuv
u~ �t~ wtr}vu��wts ~xx~ xv�wy~ ����� s ~xx~ rsv}w~ usxx~ � vqqw� wxr~ �¹ �}sqr~tuv
~rrst�wvts ~u s�wust�w~}s yvzs yw qw z�v�s tsx �~qq~}s u~ �t }~�wvt~zstrv
}w�v}vqv su ~x�v}wrz wyv ~u �tv ~��}vqqwz ~rv o ��wtuw s � qr~rv �}sqstr~rv �t
}~�wvt~zstrv ����� uw rw� v y~rs�v}wyv ¹ z ~ qw qvtv ~ty�s zsqqs wt s�wust�~
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�����o �s} ¼�qrw qvtv qr~rs wtr}vuvrrs xs }s~xw��~�wvtw uw �~qs usxxs ��t�wvtw
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